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Forced convective heat transfer around a circular cylinder using nanofluids has been numerically ana-
lyzed employing a mixture model based Multi-Phase Modeling (MPM) approach. A hot circular cylinder
with a constant wall temperature is exposed to a free stream of Al2O3–H2O nanofluid at ambient temper-
ature. The flow is steady, laminar and two dimensional in the Reynolds number range of 10 6 Re 6 40.
The governing equations of flow and energy transfer along with the respective boundary conditions
are numerically solved using a Finite Volume Method (FVM) based on SIMPLE algorithm. The prime
aim of this work is to highlight the effects of slip velocity, volume concentration and diameter of
nanoparticles on heat transfer characteristics of nanofluids. Results indicate that heat transfer increases
with increase in nanoparticle volume fraction. The highest mean Nusselt number is observed at / ¼ 5% at
any Reynolds number. It is also noted that, nanofluids with smaller nanoparticles result in higher heat
transfer rates. Particular attention has been paid to the variation of heat transfer characteristics when
the modeling approach is switched from Single-Phase Modeling (SPM) to mixture model based MPM.
It is revealed that higher heat transfer rates are observed in MPM which considers the effects of slip
velocity.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction attempts are in progress to utilize nanofluids in thermal applica-
Forced convective heat transfer around bluff bodies is a fre-
quently encountered scenario in many industrial applications such
as cooling of electronic components, nuclear reactors, shell type
heat exchangers, pin fins and use of thin wires as probes and sen-
sors, etc [1]. In addition to these practical applications, this sce-
nario is also a classical problem in fluid mechanics and heat
transfer. A considerable volume of information on various flow
phenomena observed in this flow configuration has accumulated
in literature over the years. Excellent review articles and books
consolidating the current state of the art of fluid flow and heat
transfer over a circular cylinder are now available in literature
[2–10]. However, the heat transfer performance in engineering
applications is limited by the low thermal conductivity of tradi-
tional industrial coolants such as air, water, engine oil and ethylene
glycol. Nanofluids which are obtained by suspending fine nano-
sized particles in conventional cooling liquids are the new genera-
tion coolants with enhanced thermal conductivity and good stabil-
ity. They find applications in electronic component cooling,
automobiles, nuclear reactors, energy storage and solar absorbers,
etc [11]. Hence, several experimental and numerical research
tions to achieve enhanced heat transfer performance.
In recent years, several numerical investigations on nanofluid

flow and heat transfer around bluff bodies have been reported in
literature. Nanofluids due to their different effective thermo-
physical properties exhibit modified flow and heat transfer charac-
teristics. Valipour and Ghadi [12] numerically analyzed the forced
convective heat transfer around a solid circular cylinder using
nanofluids. The effective thermal conductivity and viscosity of
nanofluids were determined using Hamilton-Crosser model [13]
and Brinkman model [14], respectively. Nanofluids exhibited
stronger vorticity and enhanced heat transfer rates. A similar study
on forced convective heat transfer past a square cylinder by Vali-
pour et al. [15] also confirmed their observations on circular cylin-
der. A numerical study on forced convective nanofluid flow around
a circular cylinder by Vegad et al. [16] in which the effective prop-
erties were calculated using Maxwell Garnett model [17] and
Brinkman model [14] also showed synonymous results. Abu-
Nada et al. [18] in their numerical study on mixed convective heat
transfer around a circular cylinder showcased that the heat trans-
fer enhancement is dependent on thermal conductivity of
nanoparticles and particle volume fraction. Bing and Mohammed
[19] performed a numerical study on upward laminar mixed con-
vective flow around a circular cylinder and showed that nanofluids
with smaller nanoparticles produced higher heat transfer rates.
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Nomenclature

Notations
a acceleration [m=s2]
cp specific heat capacity [J=kg K]
D diameter of the cylinder [m]
df basefluid molecular diameter [m]
dp diameter of the nanoparticle [m]
f drag drag function
H enthalpy [J/kg]
k thermal conductivity [W/m K]
Nu Nusselt number
P pressure [N=m2]
T temperature [K]
Pr Prandtl number
Re Reynolds number
V,v velcoity components [m/s]

Greek symbols
l dynamic viscosity [kg/ms]
m kinematic viscosity [m2=s]
/ nanoparticle volume fraction
q density [kg=m3]

Subscripts
dr drift velocity
f basefluid (primary phase)
M mean value
m mixture
nf nanofluid
p nanoparticle (secondary phase)
pf slip velocity
S local value
s phase
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Farooji et al. [20] numerically simulated a laminar nanofluid flow
around a circular cylinder and exhibited that there is an optimum
particle volume fraction for a given nanoparticle diameter at which
the maximum heat transfer will be observed. A numerical analysis
of transient natural convective boundary layer flow past a vertical
cylinder using nanofluids by Chamkha et al. [21] showcased the
dependence of heat transfer enhancement on nanoparticle shape.
It was noted that spherical particles are capable of producing
higher heat transfer rates. Notable aspect of this work is that Brow-
nian motion and thermophoresis were considered while determin-
ing the effective thermal conductivity of nanofluids. Sarkar et al.
[22] made a detailed study on wake dynamics and heat transfer
using nanofluids in forced and mixed convective flow past a circu-
lar cylinder at high Prandtl numbers. A stabilizing effect in flow
and enhanced heat transfer were noted at higher Richardson num-
bers. Similar results were obtained in a numerical study of mixed
convective flow around a circular cylinder using nanofluids [23].
A buoyancy driven mixed convective flow around square cylinder
using nanofluids by Sarkar et al. [24] showed that heat transfer is
a function of particle volume fraction. Addition of nanoparticles
to the basefluid resulted in more number of low frequency higher
energy modes in a mixed convection flow around a square cylinder
[25]. During a mixed convective vertical flow and heat transfer
around a square cylinder using nanofluids, addition of nanoparti-
cles to the basefluid caused a decrease in total entropy generation
[26].

It is to be noted that all the available works on nanofluid flow
around cylindrical bodies are based on a Single-Phase Modeling
(SPM) approach. In SPM, it is assumed that nanofluids are homo-
geneous fluids with effective properties. The effective properties
are calculated using theoretical models and it is considered that
the nanoparticles and liquid move with the same velocity. It is
also hypothesized that the particles and basefluid are in thermal
equilibrium. This approach is simpler and computationally less
expensive. In reality, nanofluids are heterogeneous suspensions
consisting of randomly moving particles and a continuous fluid
phase. Factors and mechanisms such as gravity, friction between
the fluid and solid particles, thermophoresis, Brownian motion,
the phenomena of Brownian diffusion, sedimentation and disper-
sion may exist along with the main flow of nanofluid. Also, the
difference in density of nanoparticles and fluid may cause a differ-
ence of velocity between both the phases. These factors indicate
that the fluid and particles will not have same velocity and there
will be a velocity slip between them [27]. Hence, it is obvious that
Multi-Phase Modeling (MPM) approach is more suitable for mod-
eling flow and convective heat transfer of nanofluids. In MPM,
dynamics of each phase is explicitly considered and it aids in
understanding the behavior of fluid phase and solid particles in
the heat transfer process [28]. There are two MPM approaches
for modeling the flow of solid–liquid mixtures [29,30], namely
the Lagrangian–Eulerian approach and Eulerian–Eulerian
approach. Lagrangian–Eulerian approach analyses the fluid phase
using the Eulerian model and the solid particles are analyzed
using a Lagrangian approach. This approach is suitable only when
the solid particle volume fraction is less. In nanofluids, the num-
ber of particles is extremely high due to very small size of
nanoparticles. Hence, Lagrangian–Eulerian approach is not eco-
nomic for solving nanofluid flow problems due to software limita-
tions, memory, time and CPU requirements, etc. The second
approach is Eulerian–Eulerian approach which considers the par-
ticle phase as continuum and is more suitable for nanofluid prob-
lems [31]. There are three different Eulerian–Eulerian models
which are more popularly used for solving nanofluid problems,
namely (i) VOF (Volume of Fluid), (ii) Mixture and (iii) Eulerian
[28,32–51]. Out of the three Eulerian models, mixture theory
which is also known as the theory of interacting continua
[31,52–54] is more popular due to its simplicity in theory and
implementation. The mixture model considers the mixture as a
whole, instead of two separate phases and hence, it is straight-
forward, relatively inexpensive and considerably accurate for a
wide range of multi-phase flows [52].

For the first time in literature, Behzadmehr et al. [32]
employed the Eulerian-mixture model to predict the forced con-
vective heat transfer in a circular tube using Cu–Water nanofluids.
It was observed that, mixture model produced more accurate
results than SPM and matched well with the experimental results.
Mirmasoumi and Behzadmehr [39] utilized mixture model to
numerically study the mixed convective heat transfer of nanoflu-
ids through a horizontal tube. It was observed that the thermal
parameters are notably influenced by the nanoparticle distribu-
tion and higher concentration of nanoparticles was observed at
the bottom and near wall region. Laminar flow of nanofluids in
a curved tube was numerically studied by Akbarinia and Laur
[28] using mixture model. Effects of particle diameter have been
exclusively analyzed and it was concluded that increasing the
particle diameter increases the axial velocity and decreases the
Nusselt number. Also, an uniform distribution of nanoparticles
was observed all over the tube. A mixture model based numerical
study was carried out by Alinia et al. to investigate the mixed
convection heat transfer inside a two sided lid driven cavity filled
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with nanofluids [33]. In addition to the effects of inclination, sig-
nificant increase in heat transfer inside the cavity and modifica-
tions in flow pattern were observed due to addition of
nanoparticles. Turbulent intensity and thermal parameters were
found to be significantly affected by the variation in nanoparticle
concentration in a mixture model based numerical analysis of tur-
bulent mixed convection of nanofluids in a horizontal curved tube
[35]. Goodarzi et al. [37] employed mixture model to study the
mixed convection heat transfer of nanofluids in a shallow cavity.
It was noted that addition of nanoparticles resulted in augmenta-
tion of heat transfer and for a given Grashof number, higher heat
transfer rates were observed at lower Richardson numbers. Lotfi
et al. [38] performed a comparative study of different modeling
approaches to analyze forced convective nanofluid flow and heat
transfer in a horizontal tube. It was inferred that mixture model
produced results which were matching closely with experimental
data. Moghari et al. [40] applied mixture model to study the
mixed convection heat transfer of nanofluids inside a circular
annulus. Addition of nanoparticles resulted in significant augmen-
tation of heat transfer whereas, the skin friction coefficient was
showing only a marginal increase. Pakravan and Yaghoubi [41]
analyzed the migration of nanoparticles in a closed square cavity
using mixture model. It was clearly shown that single phase
assumption of nanofluids is not valid for a natural convective sce-
nario. Heat transfer and entropy generation of turbulent forced
convective nanofluid flow in a horizontal tube was studied by
Saha and Paul [42] using mixture model. It was noted that mix-
ture model based multiphase approach produced higher heat
transfer rates than the Single-Phase Modeling approach. More
recently, Esfiandry et al. [34] numerically examined the natural
convective heat transfer behavior of nanofluids inside an enclo-
sure using mixture model. It was clearly observed that the inclu-
sion of slip velocity mechanisms in the mixture model notably
influences the heat transfer characteristics. Also, recent review
articles on modeling approaches for convective heat transfer of
nanofluids [55,56] indicate that single-phase approach is not suit-
able for nanofluids and produces results that vary from experi-
mental data. It is also revealed that Eulerian–Eulerian approach
based on mixture model is capable of producing sufficiently accu-
rate results with less computational expense.

From the above literature review, it is observed that all available
works on nanofluid flow around circular/square cylinders follow a
single phase approach. To the best of the knowledge of authors, this
is the first study to numerically analyze the nanofluid flow and heat
transfer around a circular cylinder using Multi-Phase Modeling
(MPM) based on Eulerian-mixture model. Engineering problems
involving flow and heat transfer of nanofluids often require the
understanding of behavior of total mixture rather than individual
constituent phases. Hence, mixture model is chosen for this study.
The prime aim of this study is to highlight the effects of particle
volume fraction, particle diameter and Reynolds number on heat
transfer characteristics of Al2O3-H2O nanofluids using an
Eulerian-mixture model which considers the effects of slip velocity
between the nanoparticles and basefluid. A 2-D, steady, laminar
and forced convective flow is consideredwith the Reynolds number
varying from 10 to 40. The particle volume fraction is varied in the
range of 0% 6 / 6 5% and the particle diameters of 10, 20, 30, 40
and 50 nm are considered. Particular attention is paid to the heat
transfer characteristics and the variation in heat transfer enhance-
ment if the modeling approach is switched from SPM to MPM.
(b)
Fig. 1. (a) Schematic representation of the flow domain and (b) Close view of the
mesh.
2. Problem definition and mathematical formulation

An infinitely long cylinder of circular cross section with diame-
ter D is considered. The hot cylinder is considered to be at a
Constant Wall Temperature (CWT) and exposed to nanofluid flow-
ing with an uniform velocity and at ambient temperature. Center
of the cylinder is considered to be at the origin of a cylindrical coor-
dinate system and the uniform stream of nanofluid is directed
towards positive x-direction. The flow is considered to be two-
dimensional as the cylinder is infinitely long. The cylinder is con-
sidered to exchange heat with the surrounding nanofluid stream.
The outer boundary is placed at a sufficient distance 50D away
from the cylinder surface in order to make the problem computa-
tionally feasible. A schematic diagram of the flow domain is shown
in Fig. 1(a).

2.1. Governing equations

The nanofluid flow and heat transfer is modeled using an
Eulerian-mixture model. Eulerian-mixture model which is based
on a single fluid two-phase approach considers the phases (base-
fluid and nanoparticles) to be strongly coupled and the secondary
phase (particles) closely follow the flow. The notable feature of this
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approach is that only a single set of velocity elements is solved for
the mixture momentum conservation equations. The velocity of
the secondary phase is extracted from the algebraic formulations
[57]. The phases are assumed to be inter-penetrating with each
other (i.e.,) each phase has its own vector velocity field and is rep-
resented by its own volume concentration within any control vol-
ume. Both the phases are assumed to share a single pressure.
Furthermore, the primary phase influences the secondary phase
by means of drag force and the effect of secondary phase on pri-
mary phase can be calculated by means of mean momentum
reduction. Instead of utilizing the governing equations of each
phase separately, the continuity, momentum and energy equations
are solved for the mixture and only the volume fraction equation is
solved for secondary phase (nanoparticles). The concentration of
the secondary dispersed phase (nanoparticles) is solved by a scalar
equation, considering the correction made by phase slip. The gov-
erning equations of fluid flow and heat transfer for multi-phase
mixture model in dimensional form are presented with the follow-
ing assumptions [38,58].

� The fluid flow is incompressible, laminar and Newtonian.
� The Boussinesq approximation is negligible.
� Nanoparticles are spherical, uniform in size and shape.
� The viscous dissipation is very negligible.

Continuity equation:
The continuity equation for the mixture is

5 � qm V
!

m

� �
¼ 0 ð1Þ

where, V
!

m is the mass averaged velocity of the mixture (nanofluid).
Momentum equation:

The mixture momentum equation is obtained by summing the
individual momentum equations of every phase and is expressed
as

5 � qm V
!

m V
!

m

� �
¼ �5 Pm þ5 lm 5 V

!
m �

Xn
s¼1

/sqsvsv s

" #

þ5 �
Xn
s¼1

/sqs V
!

dr;s V
!

dr;s

 !
ð2Þ

Here, n is the number of phases and lm is the mixture (nano-
fluid) viscosity

Energy equation:

The energy equation of the mixture takes the following form

5 �
Xn
s¼1

/s V
!

s qsHs þ Pmð Þ
" #

¼ 5 � km 5 T � cpqmvt
� � ð3Þ

Here, km is the effective thermal conductivity of the mixture.
Volume fraction equation

The volume fraction of the secondary phase is obtained as

5 � /pqp V
!

m

� �
¼ 5 � /pqp V

!
dr;p

� �
ð4Þ

In the above equations, qm;lm and km are the mixture density,
viscosity and thermal conductivity, respectively. The mixture

velocity (V
!

m) is determined as follows:

V
!

m ¼
Xn
s¼1

/sqs V
!

s

qm
ð5Þ

where, /s is the volume fraction of phase s and Hs is the enthalpy of

phase s. In Eq. (2) V
!

dr;p is the drift velocity for the secondary phase
ðpÞ and is expressed as
V
!

dr;p ¼ V
!

p � V
!

m ð6Þ
Velocity of the secondary phase ðpÞ in relation to the primary

phase ðf Þ is known as the relative or slip velocity and is defined as

V
!

pf ¼ V
!

p � V
!

f ð7Þ
The drift velocity is related to the slip velocity as

V
!

dr;p ¼ V
!

pf �
Xn
s¼1

V
!

pf
/pqp

qm
ð8Þ

Following equations were proposed by Manninen et al. [31] and

Schiller and Naumann [59] to calculate the slip velocity ðV!pf Þ and
drag function (f drag), respectively.

V
!

pf ¼
qpd

2
p

18lf f drag

qp � qm

qp
a! ð9Þ

f drag ¼
1þ 0:15Re0:687p ; if Rep 6 1000:
0:0183Rep; Rep > 1000:

(
ð10Þ

In the above equation, Rep ¼ ðVmdpÞ=meff and the acceleration ðaÞ
is given as a ¼ g � ðVm � 5ÞVm.

2.2. Boundary conditions

Suitable boundary conditions as described below are applied at
the corresponding flow boundaries to numerically solve the flow
problem.

Inflow boundary:

At the inflow boundary an uniform flow in x-direction and
ambient temperature are assumed for both the phases.

Outflow boundary:

Convective boundary condition has been used as it decreases
the number of time steps and allows smaller length of outer
boundary [60].

Cylinder wall:

No-slip conditions for the velocities are applied and a constant
wall temperature higher than ambient temperature is considered.

2.3. Thermo-physical properties of nanofluids

The thermo-physical properties of water (base fluid) and Alu-
mina (nanoparticles) are provided in Table 1. Nanofluids have
different effective thermo-physical properties than their base com-
ponents. Numerous models are available in literature to predict the
thermo-physical properties of nanofluids and there is an uncer-
tainty prevailing in the prediction of nanofluid properties. In pre-
sent study, classic formulas of Buongiorno [61] are used to
determine the density and heat capacitance of nanofluids.

2.3.1. Effective density
Effective density of nanofluid is calculated as

qnf ¼ ð1� /Þqf þ /qp ð11Þ
In Eq. (11), / is the nanoparticle volume fraction; qp and qf are

the densities of nanoparticles and basefluid, respectively.

2.3.2. Effective heat capacitance
Effective heat capacitance of nanofluid is determined as

follows:

ðqcpÞnf ¼ ð1� /ÞðqcpÞf þ /ðqcpÞp ð12Þ
where, ðqcpÞf and ðqcpÞp are the heat capacitance of the basefluid
and nanoparticles, respectively.



Table 1
Thermo-physical properties of the basefluid (water) and nanoparticles (Al2O3) [34].

S. No Material Thermal conductivity (W/m K) Dynamic viscosity (Kg/mS) Density ðkg=m3Þ Heat capacitance (J/kg K)

1 Al2O3 40 – 3970 765
2 H2O 0.6 0.001003 997 4179
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2.3.3. Effective thermal conductivity
In the present study, correlation proposed by Corcione [62] is

used to predict the effective thermal conductivity of nanofluids
due to the lack of experimental results and correlations which
relate the nanoparticle diameter and temperature to the effective
properties of nanofluids. The following correlation by Corcione
[62] predict the thermal conductivity of the nanofluid based on
temperature, particle diameter, volume concentration and proper-
ties of the basefluid and nanoparticles.

knf
kf

¼ 1þ 4:4Re0:4p Pr0:66f
T
Tfr

� �10 kp
kf

� �0:03

/0:66 ð13Þ

where, Rep is the nanoparticle Reynolds number due to Brownian
motion and is given as

Rep ¼
2qf KBT

pl2
f dp

ð14Þ

Tfr is the freezingpoint of purewater (basefluid);KB (1:38� 10�23 J/K)
is the Boltzmann constant; dp is the particle diameter
(10 nm 6 dp 6 150 nm) and T is the nanofluid temperature. qf and
lf are thedensity anddynamicviscosityof thebasefluid, respectively.
2.3.4. Effective dynamic viscosity
The effective viscosity of nanofluids are calculated by another

correlation by Corcione [62] which is given below

lf

lnf
¼ 1� 34:87

dp

df

� ��0:3

/1:03 ð15Þ

In Eq. (15), df is the diameter of basefluid molecule which is
defined as

df ¼ 0:1
6M
Npqf

 !1=3

ð16Þ

where, N is the Avagadro number and M is the molecular weight of
basefluid.
Table 2
Grid sensitivity analysis using basefluid (water) as working fluid.

S. No Re Grid CD

Outer boundary distance = 50 D
1 10 100 � 100 2.8008
2 10 150 � 150 2.7986
3 10 200 � 200 2.7985

4 40 100 � 100 1.5154
5 40 150 � 150 1.5174
6 40 200 � 200 1.5132

Outer boundary distance = 70 D
7 10 100 � 100 2.7963
8 10 150 � 150 2.7847
9 10 200 � 200 2.7846

10 40 100 � 100 1.5095
11 40 150 � 150 1.5084
12 40 200 � 200 1.5081
2.4. Definitions of certain parameters

Some of the parameters used in this study are defined as
follows:

2.4.1. Nusselt number
Local Nusselt number ðNusÞ at any point on the cylinder surface

is given as follows:

Nus ¼ � @T
@n

ð17Þ

where, n is the cylinder surface normal direction. The mean Nusselt
number ðNuMÞ is calculated by averaging the local Nusselt number
along the entire cylinder surface.

2.4.2. Heat transfer enhancement ratio (E)
The heat transfer enhancement produced by nanofluid with any

nanoparticle volume fraction is expressed by means of heat trans-
fer enhancement ratio (E). It is given by the ratio of mean Nusselt
number of nanofluid to mean Nusselt number of pure water
(basefluid).

E ¼ NuMð Þnf
NuMð Þf

ð18Þ
3. Numerical methods and grid sensitivity analysis

The computational domain is prepared, meshed and suitable
boundary conditions are set using the commercial preprocessor
software ANSYS ICEM CFD 15.0. The governing equations of con-
tinuity, momentum and energy along with the suitable boundary
conditions are discretized and solved using the Finite Volume
Method based solver Fluent 15.0. The governing equations which
are non-linear partial differential equations are converted into
non-linear algebraic equations. SIMPLE algorithm is employed
for the pressure-velocity coupling. A third-order accurate QUICK
scheme has been employed to discretize the convective terms.
All equations are solved in sequential iterations to obtain a con-
% Difference NuM % Difference

0.078 3.8163 0.123
0.003 3.8210 0.028
– 3.8221 –

0.131 7.0859 0.187
0.276 7.0992 0.601
– 7.0565 –

0.414 3.8196 0.149
0.003 3.8139 0.031
– 3.8151 –

0.072 7.0962 0.207
0.019 7.0815 0.050
– 7.0851 –
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verged solution. In the present study, all solutions are considered
to be converged when the residuals become less than 10�6.
Extensive computations have been performed to determine the
suitable grid to justify the correctness and stability of the
numerical solutions. Grid sensitivity analysis was carried out
by varying the number of grid points in the circumferential
and radial directions, and distance of the outer boundary. Grid
independence study is carried out for a particular case of water
(basefluid) at Reynolds numbers 10 and 40. Three different com-
binations of grid with two outer boundary lengths have been
considered to ensure the grid in-dependency of the solution.
The results of grid sensitivity analysis are presented in Table 2.
Based on the results of grid sensitivity analysis, 100 � 100 grid
with 50D outer boundary distance has been selected with the
consideration of computational expenses and to ensure consis-
tent numerical results. A non-uniform grid which is more fine
near the cylinder wall as shown in Fig. 1(b) is considered to cap-
ture the large variations and sharp gradients of flow field behav-
ior near the wall.
4. Validation of numerical results

The numerical results of the present code with air as working
fluid (Pr ¼ 0:71) is compared with the studies available in litera-
ture at 10 6 Re 6 40. In Fig. 2(a), comparison of coefficient of
drag obtained from present code is compared with the results
of Lange et al. [5], Dennis and Chang [63] and Soares et al.
[64] is shown graphically. Fig. 2(b) graphically compares the
mean Nusselt number from the present code with Soares et al.
[64] and Lange et al. [5]. It is clear that the present numerical
results are in good agreement with the results available in liter-
ature and hence, we can be confident of the results presented in
this study.
Fig. 2. Comparison of results from present code with literature for Pr ¼ 0:71 (a)
coefficient of drag ðCDÞ and (b) Mean Nusselt number ðNuMÞ.
5. Results and discussions

Numerical simulations of Alumina (Al2O3)–Water (H2O) nano-
fluid flow and heat transfer around a circular cylinder is performed
with the following range of governing parameters:
Reynolds number ðReÞ
 :
 10, 20, 30 and 40.

Particle volume fraction ð/Þ
 :
 0–5% in steps of 1.

Particle diameter ðdpÞ
 :
 10, 20, 30, 40 and 50 nm.
Results and discussion provided hereafter highlight the effects
of particle volume fraction, particle diameter and slip velocity at
different Reynolds numbers on heat transfer characteristics around
a circular cylinder using nanofluids.

5.1. Nanoparticle volume concentration

Fig. 3 graphically presents the radial distribution of percentage
volume fraction of nanoparticles along the surface of the cylinder
at 10 6 Re 6 40 and for different nanoparticle diameters
10 nm 6 dp 6 50 nm. It was observed that the nanoparticle
distribution is absolutely uniform along the cylinder surface.
Irrespective of the particle diameter, volume fraction and Reynolds
number; the distribution of nanoparticles along the surface of the
cylinder remained constant. This is also an indication that the dis-
tribution of nanoparticles is almost uniform throughout the flow
domain. By this observation, we can say that the assumption of
uniform distribution of nanoparticles in the basefluid considered
in Single-Phase Modeling approach is valid. Similar behavior in
the scenario of nanofluid flow through pipes has been already
reported in literature [32,42,46]. Hence, even though the slip veloc-
ity equation was valid for the particles in the order of micro and
nanometers, the above assumption in SPM is sensible for the Rey-
nolds number range considered in this study. But, there are also
reports of non-uniform distribution of nanoparticles in the flow
domain for nanofluids with larger nanoparticles and at different
flow parameters [28].

5.2. Mean Nusselt number (NuM)

Fig. 4(a) and (b) illustrate the effects of nanoparticle volume
fraction, Reynolds number and nanoparticle diameter on mean
Nusselt number. As expected, the mean Nusselt number increases
with increase in Reynolds number. As the flow velocity is
increased, we observe a gradual increase in heat transfer. The mean
Nusselt number is lowest at Re ¼ 10 and has the maximum value
at Re ¼ 40. Addition of nanoparticles to the basefluid resulted in
heat transfer augmentation which is understood by the increase
in Nusselt number with increase of particle volume fraction. It
can be clearly stated that the mean Nusselt number is higher for
nanofluids than the basefluid at any given Reynolds number. This
augmentation of heat transfer with increase in nanoparticle vol-
ume fraction can attributed to the increase in thermal conductivity
of nanofluids with addition of nanoparticles. The increase in ther-
mal conductivity leads to reduced thermal boundary layer thick-
ness and delayed growth of boundary layer, which are clear
indications of increased heat transfer rates. In addition to that,
the mean Nusselt number is significantly influenced by the particle
diameter. Increasing the nanoparticle size induced a deteriorating
effect on heat transfer. The highest values of mean Nusselt number
are noted at dp ¼ 10 nm and the lowest values are observed at
dp ¼ 50 nm for any volume fraction and Reynolds number. For
instance, 12% increase in mean Nusselt number is observed when
the particle diameter is reduced from 50 nm to 10 nm at / ¼ 5%.
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It can be concluded that 10 nm particle diameter is best for Al2O3–
Water nanofluid to get high heat transfer rates. Smaller nanoparti-
cles exhibit increased Brownian motion and hence, the interaction
between fluid and particles will be more intense, leading to an
increase in thermal transport. Furthermore, smaller the nanoparti-
cles, higher will be the number of nanoparticles for a given volume
fraction; which further leads to increased interaction between the
fluid and nanoparticles. However, smaller particles, due to
increased Brownian motion; may lead to higher degree of particle
clustering and increase in viscosity. In overall, we can conclude
that, that decreasing the particle size will result in increment of
both viscosity and thermal conductivity of nanofluids with a net
increase in mean Nusselt number.
5.3. Surface Nusselt number, (NuS)

Local distributions of Nusselt number along the cylinder surface
at Re ¼ 10;40 and / ¼ 2%;5% along with that of pure water are
shown in Fig. 5(a) and (b). It is seen that the local Nusselt number
values are highest at the front stagnation point and then gradually
decrease towards the rear stagnation point. At Re ¼ 40, we observe
a slight increase in Nusselt number distribution at the rear stagna-
tion point which can be attributed to the increased flow recircula-
tion at Re ¼ 40 when compared to Re ¼ 10. The values of local
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Fig. 5. Distribution of local Nusselt number over the cylind
Nusselt number increase with increase in particle volume fraction.
This is because of the net increase in effective thermal conductivity
of nanofluids with addition of nanoparticles. The increase in local
Nusselt number distribution with increase in particle volume frac-
tion is more pronounced near the front stagnation point. The local
Nusselt number distribution is higher at higher Reynolds numbers
due to increased flow velocities. In addition to the effects of parti-
cle volume fraction and Reynolds number, the local Nusselt num-
ber distribution is also enhanced by decreasing the particle
diameter. The local Nusselt number distribution around the cylin-
der surface with / ¼ 2%;5% and dp ¼ 10 nm;50 nm at Re ¼ 40 are
shown in Fig. 6(a) and (b). Even though higher Nusselt distribution
is seen at dp ¼ 10 nm at all the volume fractions, the effect is more
amplified at / ¼ 5%. This is because at higher particle volume frac-
tions and smaller diameters, the number of nanoparticles are more.
This leads to enhanced interaction between the particles and base-
fluid which results in pronounced augmentation of Nusselt
number.

5.4. Heat transfer enhancement ratio, (E)

Fig. 7(a) and (b) graphically show the effects of volume frac-
tions, Reynolds number and nanoparticle diameter on E which is
defined by Eq. (18). Irrespective of the Reynolds number, the values
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of E increases with addition of nanoparticles. We can observe a
monotonous increase in E with increase in nanoparticle volume
fraction. This can be related to the increased Nusselt numbers at
higher volume fractions, which is explained clearly in the above
sections. Results indicate that the nanoparticle diameter is inver-
sely proportional to the heat transfer augmentation. E decreases
with increase in particle diameter at any given particle volume
fraction and Reynolds number. This is due to the fall in effective
thermal conductivity of nanofluids at larger particle diameters.
The variations of E with respect to particle volume fraction, particle
diameter and Reynolds number can be directly attributed to the
variations observed in the mean Nusselt number. It can be con-
cluded that, at any given volume fraction, nanofluids produce
enhanced heat transfer than pure water. Also, smaller nanoparti-
cles are capable of producing higher heat transfer rates at any
given particle volume fraction and Reynolds number. In conclu-
sion, the highest heat transfer enhancement ratio is observed for
5% nanofluid with 10 nm sized nanoparticles.

5.5. Isotherms

The effects of Reynolds number, particle volume fraction and
nanoparticle diameter on the thermal field around the circular
cylinder are visualized using isotherm patterns in Figs. 8–10. In
general, the front surface of the cylinder has higher temperature
gradients which is indicated by the maximum clustering of the
temperature isotherms at the front surface. This can also be related
with the high Nusselt number distribution seen at the front sur-
face. It can be seen from Fig. 8(a) and (b), clustering of the iso-
therms increase with increase in Reynolds number. In the rear
side of the cylinder, the clustering of the isotherms increase at
higher Reynolds numbers due to increased recirculating wakes.
Also, the thickness of the thermal boundary layer decreases with
increase in Reynolds number indicating higher heat transfer rates.
The complexity of the aft contours increases with increase in Rey-
nolds numbers. At Re ¼ 10, the temperature contours were more
symmetric and simple. At Re ¼ 40, we observe a thumb like projec-
tion of the thermal plume from the top and bottom surface of the
cylinder, while the center part of the thermal plume gets closer to
the rear stagnation point. Fig. 9(a) and (b), show the isotherm pat-
terns at £ ¼ 2% and 5% at Re ¼ 40. It can be seen that the ther-
mal boundary thinning takes place with increase in particle
volume fraction which indicates the higher heat transfer rates at
higher volume fractions. At higher volume fractions, isotherms
get more clustered and the thumb like projection of the thermal
plume becomes more sharp and defined. This phenomena can be
attributed to the increase in thermal conductivity of the nanofluids
at higher volume fractions which leads to increased temperature



Fig. 7. (a) Heat transfer enhancement ratio (E) of nanofluids at different volume fractions and Re ¼ 40 using MPM and (b) Effects of slip velocity on E at 10 6 dp 6 50 nm and
Re ¼ 40.
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gradients. The effect of particle diameter on the temperature distri-
bution around the cylinder at Re ¼ 40 and / ¼ 5% is shown in
Fig. 10(a) and (b). When the particle diameter is increased from
10 nm to 50 nm, the temperature gradient decreases which is indi-
cated by the isotherms moving away from the cylinder. Also at
higher particle diameters, the thermal boundary layer thickness
increases indicating a deterioration in heat transfer. It can be con-
cluded that higher volume fractions and Reynolds numbers along
with smaller nanoparticles lead to augmentation of heat transfer.

5.6. Effects of slip velocity

The influence of modeling approach on mean Nusselt number is
shown in Fig. 4(b) at Re ¼ 40 and / ¼ 2%;5%. When the modeling
approach is switched from SPM to MPM, an increase in mean Nus-
selt number is noticed. At a given Reynolds number and at any vol-
ume fraction, the heat transfer rates are higher when a mixture
model based multi-phase approach is used. A similar effect is also
seen in E which is shown in Fig. 7(b). Even though the heat transfer
enhancement ratios of nanofluids are always greater than 1 at any
/; dp and Re, its values are lower in SPM than in MPM. For instance,
E at / ¼ 5%; dp ¼ 50 nm and Re ¼ 40 using MPM is approximately
4% higher than that of SPM. The effects of modeling approach on
the temperature distribution at / ¼ 5%; dp ¼ 30 nm and Re ¼ 40
are shown in Fig. 11. It is seen that thermal boundary layer in
MPM is thinner than that of the thermal boundary in SPM. This
indicates augmented heat transfer rates in MPM than SPM. The iso-
therms of MPM are more closer and the thumb shape of the ther-
mal plume is more defined indicating higher temperature
gradients. In general, we can conclude that higher transfer rates
are seen in MPM than SPM. This can be attributed to the slip veloc-
ity mechanisms considered in the mixture model based MPM. The
MPM approach based on mixture model considers a non-zero slip
velocity. Whereas, the SPM neglects the interaction between the
particles and basefluid leading to lower heat transfer rates. Hence,
it is realistic to achieve augmented heat transfer using MPM. Sim-
ilar phenomena of increase in heat transfer when the modeling
approach is switched from SPM to MPM was observed by Saha
and Paul [42]. It should also be noted that, the difference in heat
transfer between MPM and SPM is higher at higher particle volume
fractions. This indicates that the interaction of particles and fluid
become more significant at higher particle volume fractions. Thus,
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we can say that the SPM approach may be suitable for small vol-
ume fractions. But at higher volume fractions, it is more meaning-
ful and realistic to consider MPM for simulating nanofluid flow and
heat transfer.
6. Conclusions and future work

Forced convective heat transfer around a 2-D circular cylinder
during a steady, laminar flow of Al2O3–H2O nanofluid has been
numerically studied using a mixture model based Multi-Phase
Modeling (MPM) approach. Effects of Reynolds number, particle
volume fraction and diameter of nanoparticles on the heat transfer
characteristics have been investigated. Special attention has been
given to the change in heat transfer enhancement when the mod-
eling approach is changed from SPM to MPM. Findings of the
numerical investigation can be summarized as follows:

� Obviously, heat transfer is enhanced by increasing the Reynolds
number.

� The mean Nusselt number is notably higher for nanofluids than
the basefluid. For instance, the mean Nusselt at Re ¼ 40;/ ¼ 5%
and dp ¼ 10 nm nanofluid is approximately 18% higher than the
basefluid (pure water).

� Particle diameters have significant enhancement on the heat
transfer characteristics. Nanofluids with smaller nanoparticles
resulted in augmentation of heat transfer and the effect of
nanoparticle size is pronounced at higher volume fractions.

� Modeling approach is more important in numerically analyzing
the behavior of nanofluids. MPM approach indicates higher heat
transfer rates than the SPM approach.

� The difference in heat transfer between the two approaches is
higher at higher volume fractions.

� Higher heat transfer rates seen in mixture model based MPM
approach can be associated with the particle-fluid interactions
due to slip velocity mechanisms such as Brownian motion and
thermophoresis, etc.

Thus, we can conclude that the choice of modeling approach is
very important while numerically analyzing nanofluid flow and
heat transfer. The effects of slip velocity is more pronounced at
higher volume fractions and is expected to be more influential in
mixed and natural convective flow scenarios. Hence, in future a
detailed study on natural and mixed convective heat transfer char-
acteristics around a circular cylinder can be carried out using a
mixture model based MPM approach.
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