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Nanofluids are engineered suspensions of fine nanoparticles in basefluids. Being a two-component sys-
tem, different numerical approaches are available to model the thermo-fluidic behavior of nanofluids.
In this study, a two-way coupled Eulerian-Lagrangian approach based Discrete Phase Modeling (DPM)
has been used to numerically study the flow and heat transfer of nanofluids around a circular bluff body.
A 2-D, laminar, steady and forced convective flow of Al2O3-H2O nanofluid around a hot circular cylinder
at a constant temperature has been considered. Governing equations of motion and energy transfer for
the continuous phase (basefluid) were solved using a finite volume approach and the nanoparticles (dis-
crete phase) were individually tracked in a Lagrangian reference frame by solving the particle force bal-
ance equation. Results are presented at 10 6 Re 6 40 and particle volume fraction (/) varying from 0% to
5%. Heat transfer performance of nanofluids is presented in terms of local and average Nusselt numbers.
As expected, Nusselt numbers increased with increase in particle volume fraction and Reynolds number.
Results indicated that the heat transfer characteristics are notably influenced by Brownian motion and
thermophoresis. Effects of reflect and trap boundary conditions for the particulate phase at the cylinder
wall, on heat transfer characteristics of nanofluids are also discussed. Special attention has been paid to
the distribution of nanoparticles in the flow domain. It is noted that, nanoparticle distribution is non-
homogeneous in the proximity of cylinder and in the recirculation region. This observation is in complete
contradiction with the basic assumption of conventional Single Phase Modeling (SPM) approach. Results
of DPM analysis significantly vary from that of the SPM approach. Furthermore, it is observed that
nanofluids with smaller nanoparticles are capable of producing higher heat transfer rates.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Flow and heat transfer around bluff bodies is a classical scenar-
io, which is very common in several industrial applications such as
electronic cooling, nuclear reactors, heat exchangers and thin wire
probes and sensors [1]. Due to its industrial relevance and interest-
ing flow behavior, this scenario is a renowned topic of research and
numerous works are reported in available literature. The current
state of the art of fluid flow and heat transfer over a bluff body
are described in many review articles and books [2–5]. Recent
advancements in technology has led to miniaturization, high
power output and thus, resulting in a high heat flux density in sev-
eral industrial devices. Hence, increasing the heat transfer effi-
ciency has become the top priority in many industries. But, the
performances of current heat transfer systems are limited by the
low thermal conductivity of traditional industrial coolants such
as air, water, engine oil and ethylene glycol. Nanofluids which
are engineered suspensions of fine nanoparticles in conventional
cooling liquids posses enhanced thermal conductivity and good
stability. Owing to their superior thermal transport characteristics,
nanofluids are promising coolants for several high heat flux appli-
cations such as electronic components, automobiles, nuclear reac-
tors, energy storage devices and solar absorbers [6]. Thus, many
researchers are involved in experimental and numerical attempts
to study the thermo-fluidic behavior of nanofluids in a variety of
applications.

Numerical investigation of nanofluid flow and heat transfer
around bluff bodies is a trending topic in recent times. Flow and
heat transfer characteristics of nanofluids are different from the
basefluids due to their altered thermo-physical properties. A
numerical study on forced convective heat transfer around a solid
circular cylinder using nanofluids was carried out by Valipour and
Ghadi [7]. Hamilton-Crosser [8] and Brinkman [9] models were
used to determine the effective thermal conductivity and viscosity
of nanofluids, respectively. An enhancement in heat transfer was
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Nomenclature

V velocity vector in x or y direction [m s�1]
Cp specific heat [J kg�1 K�1]
D diameter of the cylinder [m]
dp diameter of the nanoparticle [m]
F; f force [N]
h heat transfer coefficient [W m�2 K�1]
k thermal conductivity [W m�1 K�1]
KB Boltzmann constant [J K�1]
m mass [kg]
n normal direction to the cylinder surface [m]
np number of particles in a cell volume
Nu Nusselt number
p pressure [Pa]
Re flow Reynolds number [J=kg K]
T temperature [K]
t time [s]
u;v velocity components in x and y directions [m s�1]
x; y rectangular coordinate components [m]
A surface area [m2]
Pr Prandtl number

Greek symbols
dV cell volume [m3]
d distance between particles [nm]
k fluid mean free path [m]
l dynamic viscosity [kg m�1 s�1]
m kinematic viscosity [m2 s�1]
/ nanoparticle volume fraction
q density [kg m�3]

Subscripts/superscripts
1 far stream value
B Brownian
D drag
f basefluid (continuous phase)
M mean/average value
p nanoparticle (discrete phase)
S local/surface value
th thermophoretic
w wall
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observed in nanofluids when compared to the basefluids. Nanoflu-
ids exhibited stronger vorticity than the basefluids. Similar obser-
vations were reported by Valipour et al. [10] in a study of nanofluid
flow around a square cylinder. Vegad et al. [11] performed a
numerical study on forced convective nanofluid flow around a cir-
cular cylinder in which Maxwell Garnett [12] and Brinkman mod-
els [9] were employed to calculate the effective properties of
nanofluids. Synonymous observations of increased heat transfer
while using nanofluids were reported. A numerical study on mixed
convective heat transfer around a circular cylinder by Abu-Nada
et al. [13] showcased that the heat transfer enhancement is a func-
tion of thermal conductivity and volume fraction of nanoparticles.
Bing and Mohammed [14] performed a numerical study on upward
laminar mixed convective flow around a circular cylinder. It was
reported that nanoparticles with smaller diameters led to higher
heat transfer rates. A numerical study on laminar nanofluid flow
around a circular cylinder by Farooji et al. [15] exhibited that there
exists an optimum particle volume fraction that gives the maxi-
mum heat transfer for a given nanoparticle diameter. Effect of
nanoparticle shape on heat transfer enhancement was showcased
by a numerical analysis of transient natural convective boundary
layer flow past a vertical cylinder using nanofluids by Chamkha
et al. [16]. Results indicated that nanofluids with spherical
nanoparticles produced higher heat transfer rates. Notable aspect
of this work is that, Brownian motion and thermophoresis were
considered while determining the effective thermal conductivity
of nanofluids. A detailed study on wake dynamics and heat transfer
of nanofluids in forced and mixed convective flow past a circular
cylinder at high Prandtl numbers was carried out by Sarkar et al.
[17]. Results indicated that a stabilizing effect in flow and
enhanced heat transfer rates were observed at higher Richardson
numbers. Similar results were obtained in a numerical study of
mixed convective flow around a circular cylinder using nanofluids
[18]. Mixed convective nanofluid flow around a square cylinder
was numerically studied by Sarkar et al. [19] and the results indi-
cated that, a strong relation exists between the nanoparticle vol-
ume fraction and mean Nusselt number. Addition of
nanoparticles to the basefluid resulted in more number of low fre-
quency higher energy modes in a mixed convective flow around a
square cylinder [20]. During a mixed convective vertical flow and
heat transfer around a square cylinder using nanofluids, addition
of nanoparticles to the basefluid caused a decrease in total entropy
generation [21].

It is to be noted that, all the reported works on nanofluid flow
around bluff bodies are based on Single Phase Modeling (SPM)
approach. SPM considers nanofluids as homogeneous liquids with
effective properties calculated using theoretical correlations. It is
also hypothesized that the nanoparticles and basefluid move with
the same velocity and exist in thermal equilibrium. It is arbitrarily
assumed that the nanoparticle distribution is homogeneous
through out the flow domain. Even though this approach is simpler
and computationally cheap, accuracy of the results depend greatly
on the theoretical models used for prediction of effective proper-
ties of nanofluids. Also in reality, nanofluids are heterogeneous
suspensions of randomly moving nanoparticles in a basefluid (con-
tinuous phase). Several factors such as gravity, friction between the
fluid and solid particles, thermophoresis, Brownian motion, sedi-
mentation and dispersion co-exist with the main flow of nanoflu-
ids. Furthermore, a difference in velocity between the discrete
phase (nanoparticles) and the continuous phase (basefluid) exists
due to the difference in their densities. All these phenomena indi-
cate that, basefluid and nanoparticles will not have same velocity
and there will be a velocity slip between them [22]. Thus, it is clear
that, it is necessary to classify nanofluids as a two-component sys-
tem which brings up different approaches of Multi Phase Modeling
(MPM) to numerically model the thermo-fluidic behavior of
nanofluids. Different types of MPM models used for simulating
nanofluids are (i) VOF (Volume of Fluid), (ii) Mixture model, (iii)
Eulerian-Eulerian and (iv) Discrete Phase Model (DPM). Among
the available multiphase models, mixture model is more com-
monly used due to its simplicity and relatively lesser computa-
tional expenses. Mixture model has been used to numerically
analyze the nanofluid flow and heat transfer in several flow scenar-
ios like horizontal straight tubes, curved tubes, lid driven cavity,
inclined enclosure, shallow cavity and circular annulus by several
researchers and convincing results were obtained [23–35]. Even
though mixture model has been widely used, due to its ability to
capture the effects of slip velocity; accuracy of the results are still
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dependent on the theoretical models used for calculation of the
effective properties. It is well known that, lack of universal models
for predicting thermo-physical properties of nanofluids is still an
unsolved problem.

Discrete Phase Model (DPM), which is based on Eulerian-
Lagrangian approach, simulates the continuous phase (basefluid)
using Eulerian approach; while the particles are individually
tracked using Lagrangian trajectory analysis method [36–38]. The
main advantage of DPM is that, it is independent of theoretical
models or experimental data for determining the thermo-
physical properties of nanofluids. Nanoparticles can be tracked
individually and forces between the fluid and particles due to
superposition of several effects (Brownian motion, thermophoresis
and Saffman lift force, etc.) can be accounted. Few works on
numerical study of nanofluid flow and heat transfer using DPM
have been reported in literature. Bianco et al. [36] performed a
numerical study on forced convective nanofluid flow in a circular
tube and showed that the results of DPM vary significantly from
that of the SPM. A numerical study of heat transfer and dispersion
of nanoparticles in a gas-solid flow though a micro-channel using
DPM revealed that the Brownian motion of nanoparticles is an
important factor that determines the dispersion of nanoparticles
in the flow field [37]. In another numerical study of nanofluid flow
in a micro-channel by Aminfar and Motallebzadeh [38], it was
reported that homogeneity of nanoparticle distribution decreased
with increase in Reynolds number. A comparison of experimental
and numerical results of turbulent nanofluid flow in a helically
coiled tube by Bahremand et al. [39] showed that the results of
DPM matched closely with the experimental results. Rashidi
et al. [40] numerically modeled the nanofluid flow and heat trans-
fer around a triangular obstacle using DPM. It was observed that
Brownian motion played a major role in increasing the heat trans-
fer of nanofluids. Furthermore, numerical studies of He et al. [41]
and Tahir and Mital [42] proved that the results of DPMmatch well
with the experimental results. Recently, a numerical study by
Bovand et al. [43] on nanofluid flow in a duct using DPM revealed
that the trap and reflect boundary conditions for the nanoparticles
over the wall surface will have notable effects on the heat transfer
and nanoparticle distribution.

From the above literature review, it seems important to investi-
gate the capability of DPM in modeling the thermo-fluidic behavior
of nanofluids, as only fewworks are reported in this area. Also, only
a very limited information is available in the literature, on the
influence of particle concentration distribution on performance of
nanofluids [40,42,43]. Hence, in this study, a 2-D, laminar, steady
forced convective flow of Al2O3-H2O nanofluid around a circular
cylinder has been simulated numerically using DPM based on a
two-way coupled Eulerian-Lagrangian approach. Particular atten-
tion has been paid to the spatial distribution of nanoparticles
around the cylinder and effects of trap and reflect boundary condi-
tions are also discussed. Furthermore, the roles of Brownian
motion and thermophoresis on heat transfer performance of
nanofluids are also studied.
2. Problem definition and mathematical modeling

2.1. Problem statement

A 2-D, laminar and steady flow of Al2O3-H2O nanofluid around
an infinitely long cylinder of circular cross-section has been con-
sidered. The cylinder is of diameter D and is maintained at a con-
stant temperature (Tw) higher than the ambient temperature
(T1). The nanofluid at ambient temperature (T1) flows with an
uniform velocity (U1) around the hot circular cylinder, in positive
x-direction. Diameter of the cylinder is D ¼ 1 cm and the inlet, top
and bottom boundaries are placed at a distance 40D and the outlet
is placed at distance of 120D away from the cylinder as graphically
shown in Fig. 1. Following assumptions are made in the simula-
tions carried out in this study.

� The wall temperature of the cylinder (Tw = 310 K) is higher than
the fluid flow temperature (T1 = 300 K) and the cylinder
exchanges heat with the surrounding fluid.

� Two-way coupling between the basefluid and nanoparticles has
been considered.

� Representative particle model [44] has been employed.
� Thermo-physical properties of the basefluid (H2O) and nanopar-
ticle (Al2O3) are taken as presented in Table 1.

� As the volume fractions considered in this study are relatively
low (< 5%), particle-particle direct collisions are ignored.

� However, particle-wall collisions are considered in this study
and the restitution coefficients for reflect boundary condition
is taken to be 1.0 and for trap condition as zero.

2.2. Governing equations

An Eulerian model is employed for the basefluid and particle
trajectory analysis for the discrete phase is performed using a
Lagrangian approach. A two-way coupling approach, in which the
discrete phase (Al2O3 – nanoparticles) are considered to be carried
by the continuous phase (H2O – basefluid), has been adopted. The
nanoparticles exchange momentum with the continuous phase by
exerting drag. Thus, the interactions between the continuous phase
and discrete phase are fully considered in the present study. Prime
feature of the particles of size in nanometers is the Brownian
motion. The small scale fluctuations in the continuous phase
caused by the Brownian motion of nanoparticles are also consid-
ered in the Lagrangian tracking. The random dispersion of
nanoparticles in the basefluid due to Brownian motion, ther-
mophoresis and particle weight is accounted in the Lagrangian par-
ticle equation of motion. The steady state governing equations for
the Eulerian-Lagrangian discrete phase model are expressed as fol-
lows [36].

2.2.1. Governing equations of the continuous phase
Continuity equation

5 � qVð Þ ¼ 0 ð1Þ
Momentum equation

5 � qVVð Þ ¼ �5 P þ l52V þ Sv ð2Þ
Energy equation

5 � qVCTð Þ ¼ 5 � k5 Tð Þ þ sh ð3Þ
Here, V; T; p and t are velocity vector (m s�1), temperature (K), pres-
sure (Pa) and time (s), respectively. q;l; k and C are density

(kg m�3), viscosity (kg m�1 s�1), thermal conductivity (W m�1 K�1)

and specific heat capacity (J kg�1 K�1) of the basefluid, respectively.

The terms Sv (kg m�2 s�2) and Sh (W m�3) in Eqs. (2) and (3) are the
source terms for momentum and energy exchanges with the parti-
cles. These source terms are calculated as [45]:

Sv ¼
X
np

mp

dV
dVp

dt
ð4Þ

Sh ¼
X
np

mp

dV
Cp

dTp

dt
ð5Þ
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Fig. 1. Graphical view of the computation domain.

Table 1
Thermo-physical properties of the basefluid (water) and nanoparticles (Al2O3) [26].

S. no Material Thermal conductivity ðW=m KÞ Dynamic viscosity ðkg=m sÞ Density ðkg=m3Þ Heat capacitance ðJ=kg KÞ
1 Al2O3 40 – 3970 765
2 H2O 0.6 0.001003 997 4179
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Here, dV is the cell volume, mp is the mass of nanoparticles (kg) and
np is the number of physical particles within a cell. The subscript p
denotes the discrete phase (nanoparticles).

2.2.2. Governing equations of the discrete phase
Lagrangian particle trajectory analysis is employed to track the

motion of individual particles. The particle inertia is balanced with
other forces acting on the particles and accordingly, the equations
of particle motion are given as [46]:

dXp

dt
¼ Vp ð6Þ

dVp

dt
¼ FD Vf � Vp

� �þ g qp � qf

� �
qp

þ f B þ f th ð7Þ

Here, subscripts p and f denote nanoparticle and basefluid, respec-
tively and g is the acceleration due to gravity. The first term on
the right hand side of the above equation indicates the drag force
acting on the nanoparticles, second term represents the gravita-
tional force acting on the particle due to its mass. The third and
fourth terms indicate the Brownian force and thermophoretic force
per unit mass, respectively.

The drag force is exerted on the particles by the continuous
phase and hence, are carried by the continuous phase. This drag
force on the nanoparticles is calculated by Stokes-Cunningham
relation as

FD ¼ 18lf

d2
pqpCc

ð8Þ

In Eq. (8), Cc is the Cunningham correction which is given as:

Cc ¼ 1þ 2k
dp

1:257þ 0:4e�ð1:1dp=2kÞ� � ð9Þ
Here, k indicates the mean free path ðmÞ. The thermophoretic force
acting on the particles is given by the following relation.

f th ¼ �DT
1

mpT
5 T ð10Þ

In the above equation, T and mp denote local fluid temperature (K)
and particle mass (kg), respectively. DT is the thermophoretic coef-
ficient, which is calculated as [47]

DT ¼ 0:78
pl2

f dp

qf

kf
2kf þ kp

ð11Þ

The force acting on particles due to Brownian motion is determined
as [46]

f B ¼ f

ffiffiffiffiffiffiffiffi
pS0
Dt

r
ð12Þ

In the above equation, f is the zero mean unit-variance-
independent Gaussian random number. The amplitudes of the
Brownian force components are solved for each time step. Here,

S0 represents the spectral intensity of Brownian force (J kg�1 S�1)
and is calculated as:

S0 ¼ 216mKBT

p2qf d
5
p

qp

qf

� �2
Cc

ð13Þ

Here, T is the absolute temperature of the fluid (K), m is the kine-
matic viscosity ðm2 S�1Þ and KB is the Boltzmann constant
(1:38� 10�23 J K�1). The energy equation for the particle is given as

mpCp
dTp

dt

	 

¼ hA Tf � Tp

� � ð14Þ

In Eq. (14), Cp;Ap; Tf ; Tp and h are heat capacity (J kg�1 K�1) of the
particle, surface area of the particle (m2), local temperature of the
basefluid, temperature of the particle and the convective heat trans-
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fer coefficient (W m�2 K�1). The convective heat transfer coefficient
of the particle, h is given as [48]:

Nup ¼ hdp

kf
¼ 2þ 0:6Re0:5p Pr0:3f ð15Þ

In Eq. (15), Rep is the particle Reynolds number based on the diam-
eter of particle and the relative velocity. Prf and kf are the Prandtl

number and thermal conductivity (W m�1 K�1) of the basefluid,
respectively. It is to be noted that the particle-particle collisional
heat transfer is not considered and only the fluid heat transfer
affected by the source term is evaluated.
2.3. Boundary conditions

2.3.1. Boundary conditions for the basefluid (continuous phase)
Inlet
An uniform flow of basefluid is considered at the inlet of

domain.

u ¼ U1; v ¼ 0; and T ¼ T1

Cylinder surface
No-slip boundary and constant wall temperature conditions are

imposed on the cylinder surface.

u ¼ 0; v ¼ 0; and T ¼ Tw

Outlet
Outflow (zero gradient) boundary conditions are considered at

the outlet of flow domain.

@u
@x

¼ 0;
@v
@x

¼ 0; and
@T
@x

¼ 0

Top and bottom boundaries
Symmetry conditions are applied on the top and bottom bound-

aries of computational domain.

v ¼ 0;
@u
@y

¼ 0; and
@T
@y

¼ 0
Fig. 2. Close view of the grid distribution near the cylinder.
2.3.2. Boundary conditions for the nanoparticles (discrete phase)
At the inlet and outlet of the computational domain, escape

type boundary condition has been applied. The particle trajectory
tracking is terminated once the particles leave the computational
domain. The inlet temperature of the particle is taken as 300 K.
In this study, as we track the particles using a Lagrangian approach,
it is necessary to consider the interaction of the particles with the
cylinder wall. The particles may either stick to the cylinder surface
or reflect from the cylinder surface. This interaction of particles
with the cylinder surface is important, as they will influence the
particle concentration in the proximity of cylinder. Typically, if a
particle sticks to the cylinder surface, it is removed from the flow
domain leading to a fall in concentration. This interaction of parti-
cles with the cylinder wall is studied by considering two types of
boundary conditions for the particles at the cylinder surface,
namely the reflect boundary condition with restitution coefficient
as 1.0 or the trap boundary condition with a restitution coefficient
of zero. In reflect boundary condition, the particle rebounds after
hitting the cylinder wall with a momentum as defined by the resti-
tution coefficient. Whereas, the particle sticks to the cylinder sur-
face in a trap boundary condition. At the top and bottom
boundaries of the computational domain, reflect boundary condi-
tion is applied.
2.4. Calculations of certain parameters

2.4.1. Local Nusselt number (NuS)
The local Nusselt on the circular cylinder surface is evaluated as

NuS ¼ hD
kf

¼ � @T�

@nS
jon the cylinder surface ð16Þ

Here, D represent the diameter of cylinder and ns is the unit normal
vector on the cylinder surface and ‘‘T�” indicates non-dimensional
temperature and is defined as:

T� ¼ T � T1
Tw � T1

ð17Þ
2.4.2. Mean Nusselt number (NuM)
The local Nusselt number values have been further averaged

over the entire cylinder surface to obtain the mean Nusselt number
(NuM).

NuM ¼ 1
p

Z p

0
NuS dh ð18Þ
2.4.3. Void fraction
The void fraction of each cell in the flow domain is evaluated as

� ¼ 1�
P

Vi

DV
ð19Þ

Here, Vi is the volume of ith particle in each cell of volume
DV ¼ DxDydp. This indicates that the 2-D domain considered here
is accounted as a pseudo 3-D domain with thickness equal to one
particle diameter (dp) [49].

3. Numerical methods and grid sensitivity analysis

The flow domain was modeled, meshed and necessary bound-
ary conditions are set using the commercial preprocessor software
ANSYS ICEM CFD 15.0. The commercial CFD software FLUENT 15.0
which is based on the control volume approach is used for solving
the governing equations of flow and energy transfer. As stated ear-
lier, governing equations of the continuous phase are coupled with
the discrete phase by means of momentum and energy source
terms. Pressure-velocity coupling is achieved by SIMPLE method.
The convective terms are discretized using third-order accurate
QUICK scheme, respectively. The Lagrangian particle equation is
discretized by a modified Euler method. All equations are solved
in sequential iterations and the solutions are considered to be con-
verged when the residuals become less than 10�7.

Detailed computations have been performed to choose a suit-
able grid which ensures the accuracy and stability of the numerical



Table 3
Comparison of present results with literature values of drag Coefficient (CD) and mean
Nusselt number (NuM) for 10 6 Re 6 40 and Pr ¼ 0:71.

Re CD NuM Authors

10 2.8047 1.8429 Present study
2.8000 1.8100 Lange et al. [2]
2.7600 1.8600 Soares et al. [51]
2.8460 Dennis and Chang [50]

20 2.0256 2.4344 Present study
2.0000 2.4100 Lange et al. [2]
1.9900 2.4300 Soares et al. [51]
2.0450 Dennis and Chang [50]

30 1.7020 2.8731 Present study
2.8800 Lange et al. [2]

1.6700 2.8500 Soares et al. [51]

40 1.5136 3.2372 Present study
1.5000 3.2800 Lange et al. [2]
1.4900 3.2000 Soares et al. [51]
1.5220 Dennis and Chang [50]
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solutions. A 2-D, non-uniform mesh has been used in the present
study. Mesh distribution is more refined near the cylinder to cap-
ture the large variations and sharp gradients of flow and thermal
field behavior near the cylinder, as seen in the close view of mesh
shown in Fig. 2. Grid sensitivity analysis is carried out at
Re ¼ 10;40 and / ¼ 2:5%, to ensure that the results presented in
this study are independent of the effects of grid size. Three differ-
ent grids with increasing fineness are tested. The results of grid
sensitivity analysis are presented in Table 2. Based on the results
of grid sensitivity analysis, 200 � 100 grid has been selected with
the consideration of computational expenses and to ensure consis-
tent numerical results.

4. Validation of the numerical results

The numerical code used in this study is validated by comparing
with the results available in literature with air as working fluid
(Pr ¼ 0:71) at 10 6 Re 6 40. Coefficient of drag and mean Nusselt
number obtained from the present code is compared with the data
of Lange et al. [2], Dennis and Chang [50] and Soares et al. [51].
From the comparison presented in Table 3, it is clear that the pre-
sent results are in good agreement (< 2% variation) with the liter-
ature data and the results presented in this study are reliable.

5. Results and discussion

Flow and heat transfer of Alumina (Al2O3)-Water (H2O) nano-
fluid flow around a circular cylinder is numerically analyzed using
Discrete Phase Modeling (DPM) based on two-way coupled
Eulerian-Lagrangian approach. The simulations are carried out in
the following range of governing parameters.
Ta
Gr
Reynolds number (Re)
ble 2
id sensitivity analysis using 2.5% nano

S. no Re

1 10
2 10
3 10

4 40
5 40
6 40
:

flui
10, 20, 30 and 40.

Particle volume fraction (/)
 :
 0–5%.

Particle diameter (dp)
 :
 10, 20, 30, 40, 50 and 60 nm.
Simulation results for different values of parameters are pre-
sented in this section. Effects of different parameters on heat trans-
fer performance in terms of isotherms, local and mean Nusselt
numbers are presented. Variations in nanoparticle concentration
distribution around the circular cylinder and particle trajectories
are also discussed in detail. The heat transfer results obtained
using the DPM approach are also compared with the results of
SPM approach. The results of the SPM simulations presented in this
study are based on the governing equations presented in an earlier
study [52] and the effective properties of nanofluids are calculated
by the theoretical models as described in [35].

5.1. Isotherms

The influences of particle volume fraction, nanoparticle diame-
ter and boundary conditions for particles at the cylinder surface on
d at Re ¼ 10 and 40.

Grid CD

200 � 100 2.8079
400 � 200 2.8075
600 � 300 2.8074

200 � 100 1.5133
400 � 200 1.5132
600 � 300 1.5133
the thermal field pattern around the circular cylinder is visualized
by means of fluid phase isotherm contours in Figs. 3–5. Grid lines
are provided to easily visualize the changes in lengths of isotherms
and thickness of the thermal boundary layer. In general, it can be
stated that the front surface of cylinder experiences higher transfer
rates which is indicated by increased clustering of isotherms near
the front stagnation point. In the rear side of the cylinder, thumb
like projections of the thermal plume from the top and bottom sur-
faces of the cylinder are observed and the isotherms are relatively
sparse. In the recirculation region, the center part of the thermal
plume gets closer to the cylinder at rear stagnation point. Thermal
field around the cylinder is symmetric about the top and bottom
halves of the cylinder due to the symmetricity of the flow. Fig. 3
presents the isotherm contours at / ¼ 2:5% and 5% at
Re ¼ 40; dp ¼ 30 nm and with reflect boundary conditions for the
particles at the cylinder surface. It is seen that the thermal bound-
ary layer is thin at / ¼ 5% than at / ¼ 2:5%. This indicates the
sharp temperature gradients and enhanced heat transfer at higher
volume fractions. This increase in heat transfer at higher volume
fractions can be a result of increase in effective thermal conductiv-
ity and increased particle–fluid interactions at higher volume frac-
tions. Influence of nanoparticle diameter on distribution of
isotherm contours around the circular cylinder at
Re ¼ 40;/ ¼ 5%; dp ¼ 10 nm and 60 nmwith reflect boundary con-
dition for the nanoparticles at the cylinder surface is presented in
Fig. 4. It is seen that the temperature gradients significantly
decrease and the isotherms move away from the cylinder by
increasing the particle diameter. This indicates a higher heat trans-
fer rate at dp ¼ 10 nm when compared to dp ¼ 60 nm. It is appar-
ently seen that the thermal boundary layer is very thin for
nanofluids with smaller nanoparticles. The thumb like projections
seen in the thermal plume are sharp and shorter at dp ¼ 10 nm.
Whereas, a broad and longer thumb like projection of the thermal
% Difference NuM % Difference

0.014 3.9571 0.06
0.003 3.9596 0.02
– 3.9607 –

0.006 7.3864 0.03
0.006 7.3888 0.03
– 7.3912 –



Fig. 3. Isotherm patterns for Al2O3-H2O nanofluid flow around a circular cylinder at / ¼ 2:5% and 5%; dp ¼ 30 nm and Re ¼ 40 with reflect boundary condition for the
particles at cylinder surface.

Fig. 4. Comparison of isotherm patterns for Al2O3-H2O nanofluid flow around a circular cylinder with nanoparticle diameters dp ¼ 10 nm and 60 nm at / ¼ 5% and Re ¼ 40
with reflect boundary condition for the particles at cylinder surface.

Fig. 5. Thermal field pattern around a circular cylinder for Al2O3-H2O nanofluid flow around a circular cylinder at / ¼ 5%; dp ¼ 30 nm and Re ¼ 40 with reflect and trap
boundary conditions.
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plume is seen at dp ¼ 60 nm. This increase in heat transfer at smal-
ler nanoparticle diameters can be due to the higher surface to vol-
ume ratio of smaller nanoparticles and uniform distribution of
smaller nanoparticles when compared to the larger nanoparticles
[40]. It is to be noted that the type of boundary condition for the
particles at the cylinder surface also influences the thermal field
pattern around the cylinder. Fig. 5 shows the isotherm contours
around the circular cylinder at Re ¼ 40;/ ¼ 5% and dp ¼ 30 nm
with reflect and trap boundary conditions for the particles at the
cylinder surface. The isotherms are stretched in the linear direction
and become closer to cylinder in the vertical direction with a
clearly visible thinning of thermal boundary layer while using
reflect boundary condition for the particles at cylinder surface. This
indicates that the reflect boundary condition for the particles at the
cylinder surface results in higher heat transfer rates than the trap
boundary condition. This can be attributed to the increase in parti-
cle concentration around the cylinder surface when reflect bound-
ary condition is applied. Whereas, a marginal fall in particle
concentration is observed near the cylinder while trap boundary
condition is used for the particles at the cylinder surface [40].

5.2. Local Nusselt number (NuS)

Distribution of local Nusselt numbers along the cylinder surface
at Re ¼ 40; dp ¼ 30 nm and at different particle volume fractions
(0%;2:5% and 5%) with reflect boundary condition for the parti-



Fig. 6. Distribution of local Nusselt number (NuS) around the cylinder surface for
Al2O3-H2O (/ = 0%, 2.5% and 5%) nanofluid flow at Re ¼ 40; dp ¼ 30 nm and with
reflect boundary condition for the particles at cylinder surface.
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cles at the cylinder surface are presented in Fig. 6. As the flow is
symmetric about the top and bottom halves of the circular
cylinder, the distribution of local Nusselt number is also
symmetric. Thus, the local Nusselt number distribution is
shown only for the top half of the circular cylinder
(h ¼ 0�ðfront stagnation pointÞ to 180� (rear stagnation point)).
As seen in the figure, local Nusselt number values are highest at
the front stagnation point and gradually fall towards the rear stag-
nation point. Thus, it can be inferred that the maximum heat trans-
fer is experienced at the front stagnation point and it gradually
decreases as the flow proceeds towards the rear end of the cylin-
der. At h ¼ 135� (approx), a sudden increase in local Nusselt num-
ber values is noted up to h ¼ 180�. This increase in heat transfer
near the rear stagnation point is due the recirculation wakes
formed behind the cylinder. It is obvious that the local Nusselt
numbers for nanofluids are higher than that of the pure basefluid.
This can be attributed to the increase in effective thermal conduc-
tivity due to addition of nanoparticles and the Brownian motion of
nanoparticles which results in enhanced heat transfer. It is neces-
sary to mention that the effect of addition of nanoparticles on local
Nusselt numbers is very minimum in the front and top surfaces of
the cylinder. Whereas, in the recirculation region a notable
increase in local Nusselt number is observed by increasing the par-
ticle volume fraction. This notable difference in local Nusselt num-
ber distribution in the recirculation region is due to the sharp
variations in the nanoparticle distribution in this region at differ-
ent volume fractions. This is synonymous to the observations of
Afshar et al. [37], during a numerical study of nanofluid flow in a
micro-channel, where the nanoparticle distribution significantly
influenced the heat transfer rates.
Fig. 7. Mean Nusselt number (NuM) variation for Al2O3-H2O (/ = 0%, 2.5% and 5%)
nanofluid flow around a circular cylinder at 10 6 Re 6 40 and with reflect boundary
condition for the particles at cylinder surface.
5.3. Mean Nusselt number (NuM)

The heat transfer performance of nanofluids flowing around the
circular cylinder is presented in terms of mean Nusselt number.
The effects of Reynolds number, particle volume fraction, nanopar-
ticle diameter, boundary condition for the particles at the cylinder
surface, thermophoresis, Brownian motion and modeling approach
are presented in Figs. 7–11. In Fig. 7, it is observed that the mean
Nusselt number linearly increases by increasing the Reynolds
number. The lowest value of mean Nusselt number for any particle
volume fraction is seen at Re ¼ 10 and the highest value is seen at
Re ¼ 40. The increased velocities at higher Reynolds numbers
result in thinner boundary layer, that leads to easier and higher
heat transfer rates. At any given Reynolds number, the heat trans-
fer rates increased with increase in nanoparticle volume fraction.
This indicates the effectiveness of nanofluid as a efficient cooling
liquid. Addition of nanoparticles resulted in an increase in heat
transfer which is indicated by the increase in mean Nusselt num-
ber. A 5.6% increase in mean Nusselt number is seen at / ¼ 5%
and Re ¼ 40, when compared to the pure water. This increase in
heat transfer observed at higher volume fraction of nanoparticles,
can be attributed to several factors such as mixing effect brought
out by the nanoparticles suspended in the basefluid, Brownian
motion of nanoparticles inside the basefluid that leads to a
pseudo-convection, thermal conductivity enhancement due to
addition of nanoparticles, particle migration and thermophoresis,
etc. The effect of nanoparticle diameter on mean Nusselt number
at Re ¼ 40 and / ¼ 5% is shown in Fig. 8. Results indicate that
smaller nanoparticles lead to higher mean Nusselt numbers indi-
cating higher heat transfer rates. Nanofluids with 10 nm particles
resulted in 7.7% higher heat transfer rate than the nanofluids with
60 nm particles. This is due to the fact that, smaller nanoparticles
exhibit higher Brownian motion leading to augmented solid–liquid
interactions, which result in enhanced heat transfer. Also, smaller
nanoparticles result in more uniform distribution leading to better
heat transfer rates [40]. Furthermore, smaller diameter means
more number of nanoparticles at same volume fraction and hence,
the interactions between the fluid and particles are more intense
when compared to larger particles. As the heat transfer between
particles and the basefluid takes places at the fluid interface, the
thermal conductivity enhancement at a given volume fraction is
higher for nanofluids with smaller nanoparticles. This is due to
the higher surface to volume ratio of smaller nanoparticles [53].
The type of boundary condition for the particles at cylinder surface
also influenced the mean Nusselt number. The effect of reflect and
trap boundary conditions for the particles at cylinder surface at
10 6 Re 6 40 and / ¼ 5% is presented in Fig. 9. It is seen that the
Fig. 8. Effect of particle diameter (dp) on Mean Nusselt number (NuM) for Al2O3-H2O
(/ = 5%) nanofluid flow around a circular cylinder (reflect boundary) at Re ¼ 40 with
10 nm 6 dp 6 60 nm.



Fig. 9. Effect of reflect and trap boundary conditions for the particles at cylinder
surface on mean Nusselt number (NuM) at 10 6 Re 6 40 and / = 5% for Al2O3-H2O
nanofluid flow around a circular cylinder.

Fig. 11. Comparison of Mean Nusselt number (NuM) at 10 6 Re 6 40 and / = 5%
obtained using Discrete Phase Modeling (DPM) and Single Phase Modeling (SPM) of
Al2O3-H2O nanofluid flow around a circular cylinder.
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reflect boundary condition resulted in higher mean Nusselt num-
bers than the trap boundary condition. Approximately, a 1.5%
decrease in mean Nusselt number is seen while using trap bound-
ary condition. This can be attributed to the marginal decrease in
particle volume fraction while using trap boundary condition
[43]. It is known that Brownian motion and thermophoresis are
two important mechanisms that influence the thermal transport
in nanofluids. The effect of these two mechanisms on mean Nusselt
number are presented in Fig. 10 for 10 6 Re 6 40 and / ¼ 5%. As
expected, the mean Nusselt numbers decreased when Brownian
and thermophoretic forces are ignored. It is worthy to mention that
Brownian motion is more influential than the thermophoresis in
enhancing the heat transfer rates. This indicates that the increase
in particle-liquid interaction due to Brownian motion is a key
mechanism for the enhancement in heat transfer seen in nanoflu-
ids. Finally, the mean Nusselt numbers obtained using DPM
approach are compared with the results of SPM approach in
Fig. 11. It is seen that the results of DPM vary significantly from
that of the SPM approach and this variation is more pronounced
at higher Reynolds numbers.
5.4. Distribution of particle concentration and particle trajectories

The spatial distributions of volume fraction of nanoparticles
around the circular cylinder at Re ¼ 10 and 40; dp ¼ 30 nm and
/ ¼ 1%;3% and 5% are presented in Fig. 12. It is to be mentioned
that, the reflect boundary condition is used for the particles at
cylinder surface and the Brownian force is ignored for better visu-
Fig. 10. Effect of Brownian motion and thermophoresis on mean Nusselt number
(NuM) for Al2O3-H2O (/ = 5%) nanofluid flow around a circular cylinder at
10 6 Re 6 40; dp ¼ 30 nm and reflect boundary condition for the particles at
cylinder surface.
alization. Completely contradicting to the assumption of SPM
approach, it is seen that the distribution of nanoparticles is not uni-
form in the flow domain. The nanoparticle volume fraction distri-
bution near the cylinder is non-homogeneous and the
concentration in recirculation region is very less to zero. This indi-
cates that the particles do not follow the streamlines in recircula-
tion region. Only a very less volume fraction of particles enter the
recirculation region. Due to increased momentum, majority of the
nanoparticles tend to move in the main flow direction and do not
enter the recirculation region. This results in very low concentra-
tion of nanoparticles in the recirculation region. The concentration
in immediate proximity around the cylinder is also very less. But,
strands of high volume fraction distribution is seen adjacent to
the less concentration zone. The formation of this high concentra-
tion strands is perhaps due to the thermophoretic force that
pushes the particle away from the hot cylinder and the reflect
boundary condition for the particles at the cylinder surface. It is
to be noted that, at Re ¼ 10, this high concentration strands are
stretched until the recirculation region. Whereas, at Re ¼ 40, the
strands are seen only in the proximity of cylinder. Also, at higher
volume fractions, the particle concentration in the flow domain
and the high concentration strands are high.This increased inten-
sity of particle concentration is believed to result in better temper-
ature distribution leading to higher heat transfer rates [54].

The effect of Brownian motion on distribution of nanoparticles
around the circular cylinder at Re ¼ 40; dp ¼ 30 nm and / ¼ 5% is
shown in Fig. 13. It is seen that the inclusion of Brownian forces,
resulted in more randomness of the nanoparticle distribution
around the cylinder. The high concentration strands, which are
noted when the Brownian motion was ignored, disappeared in
the presence of Brownian motion. Thus, it is evident that the Brow-
nian motion results in randommotion of the nanoparticles and has
a significant effect on the distribution of nanoparticles around the
cylinder. This increase in randomness of the particle distribution in
the flow domain due to Brownian motion can be related to the
higher mean Nusselt numbers seen in Fig. 10, when the contribu-
tion of Brownian motion is accounted. Thus, it can be concluded
that the Brownian motion results in random motion of the
nanoparticles leading to intense particle-fluid interactions which
thereby lead to enhanced heat transfer in nanofluids. Furthermore,
it is noted that the inclusion of Brownian forces lead to diffusion of
nanoparticles in the recirculation region. In the presence of Brow-
nian force, an increase in concentration of nanoparticles is seen in
the recirculation region close to the symmetry line. This increase in
particle concentration near the rear stagnation point due to Brow-
nian diffusion can be related to the sharp increase in local Nusselt
number distribution with increase in particle volume fraction,
observed close to the rear stagnation point (see Fig. 6).



Fig. 12. Nanoparticle concentration distribution (without Brownian motion) around the circular cylinder for Al2O3-H2O nanofluid flow at different volume fractions and
Re ¼ 10 and 40 with reflect boundary condition for the particles on cylinder surface and dp ¼ 30 nm.

Fig. 13. Effect of Brownian motion on nanoparticle distribution around the circular cylinder for Al2O3-H2O (/ ¼ 5%) nanofluid flow at Re ¼ 40;dp ¼ 30 nm and reflect
boundary condition for the particles at cylinder surface.

Fig. 14. Trajectories of nanoparticles (without Brownian motion) around the circular cylinder during Al2O3-H2O (/ ¼ 5%) nanofluid flow at Re ¼ 40;dp ¼ 30 nm and reflect
boundary condition for the particles at cylinder surface.
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Fig. 14 shows the trajectories of nanoparticles at
/ ¼ 5%; dp ¼ 30 nm and Re ¼ 40. Trajectories of 6 nanoparticles
that were injected at different positions from the inlet are shown
in this figure. It is to be noted that, the Brownian force is neglected
here for better visualization of particle trajectories. In general, it is
seen that the particles diverge above and below the cylinder which
explains the formation of high concentration strands as seen
Fig. 12. This may be due to the reflect boundary condition for the
particles assumed at the cylinder surface and the thermophoretic
force which pushes the particles away from the cylinder. The par-
ticles that start from y ¼ 0:01D;0:007D and � 0:006D are compar-
atively away from the recirculation region and they continue to
move in the direction of main flow. The other particles which
respectively originate from y ¼ 0:001D;0D and � 0:001D are clo-
ser to the recirculation region and are trapped in the recirculating
wakes for a longer duration and hence, their trajectories are termi-
nated in the recirculation region. This particle trajectories can be
correlated with the different concentration zones seen in the flow
domain.
6. Conclusions

Numerical simulations of forced convective heat transfer of
Al2O3-H2O nanofluid around a circular cylinder using a two-way
coupled Eulerian-Lagrangian approach based Discrete Phase
Modeling (DPM) were carried out. Influences of Reynolds number,
particle volume fraction and diameter of nanoparticles on the heat
transfer performance of nanofluids were investigated. Further-
more, special attention has been paid to the effects of Brownian
motion and thermophoresis. In addition to that, the distribution
of nanoparticles in the flow domain and the trajectories of particles
are also discussed. The results of this numerical study can be sum-
marized as follows:

� Obviously, nanofluids resulted in increased heat transfer rates
than the basefluids.

� Higher heat transfer rates are obtained by increasing the flow
Reynolds number.

� Nanofluids with smaller nanoparticles resulted in higher aug-
mentation in heat transfer than the nanofluids with larger
particles.

� Reflect and trap boundary conditions for the particles at the
cylinder surface resulted in a marginal difference in heat trans-
fer rates. Approximately, 1.5% higher heat transfer rate is seen
while using reflect boundary condition.

� Local Nusselt number in the recirculation region is significantly
influenced by the addition of nanoparticles.

� Brownian motion and thermophoresis play important roles in
determining the heat transfer enhancement and particle distri-
bution in nanofluids. The contribution of Brownian motion to
the heat transfer augmentation is approximately 6% higher than
that of the thermophoresis.

� Particle concentration sharply varies in the region close to the
cylinder and in the recirculation region.

� Brownian motion results in random distribution of nanoparti-
cles in the region close to the cylinder.

� The results of DPM study vary notably from the results of SPM
approach and it is believed that the results of DPM are more
accurate due to its realistic assumptions. It is to be noted that,
it is arbitrarily assumed that the particle distribution is uniform
through out the domain in SPM approach.

The effects of nanoparticle concentration on heat transfer per-
formance of nanofluids is expected to be more pronounced in
unsteady and buoyancy driven flow scenarios. In future, a detailed
study on particle concentration and heat transfer using nanofluids
in mixed and natural convective flows using two-way coupled
Eulerian-Lagrangian approach can be carried out.
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