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Abstract: The present study deals with the numerical simulation of mixed convective heat transfer
from an unconfined heated square cylinder using nanofluids (Al2O3-water) for Reynolds number
(Re) 10–150, Richardson number (Ri) 0–1, and nanoparticles volume fractions (ϕ) 0–5%. Two-phase
modelling approach (i.e., Eulerian-mixture model) is adopted to analyze the flow and heat transfer
characteristics of nanofluids. A square cylinder with a constant temperature higher than that of
the ambient is exposed to a uniform flow. The governing equations are discretized and solved
by using a finite volume method employing the SIMPLE algorithm for pressure–velocity coupling.
The thermo-physical properties of nanofluids are calculated from the theoretical models using a single-
phase approach. The flow and heat transfer characteristics of nanofluids are studied for considered
parameters and compared with those of the base fluid. The temperature field and flow structure
around the square cylinder are visualized and compared for single and multi-phase approaches.
The thermal performance under thermal buoyancy conditions for both steady and unsteady flow
regimes is presented. Minor variations in flow and thermal characteristics are observed between
the two approaches for the range of nanoparticle volume fractions considered. Variation in ϕ affects
CD when Reynolds number is varied from 10 to 50. Beyond Reynolds number 50, no significant
change in CD is observed with change in ϕ. The local and mean Nusselt numbers increase with
Reynolds number, Richardson number, and nanoparticle volume fraction. For instance, the mean
Nusselt number of nanofluids at Re = 100, ϕ = 5%, and Ri = 1 is approximately 12.4% higher than
that of the base fluid. Overall, the thermal enhancement ratio increases with ϕ and decreases with Re
regardless of Ri variation.

Keywords: nanofluids; mixed convection; mixture model; heated square cylinder; bluff body

1. Introduction

Nanofluids are the engineered colloidal suspension of nanosized particles (10–100 nm)
in a base fluid [1]. They have greater thermal conductivity compared to their base fluids and
are considered smart fluids because the heat transfer rates can be controlled to some extent
by varying nanoparticle concentration in the base fluid [2]. Nanofluids find applications
in nuclear reactors [3], electronic cooling [4], heat exchanger [5], heating buildings in cold
regions [6], drying of various materials [7], and automotive applications [8,9]. Numerous
experimental and numerical studies have proved that heat transfer rates augment with an
increase in nanoparticle volume fractions in base fluid [10–13]. As nanofluids enhance the
heat transfer rates when they flow over the surface of a hot body, it would be interesting
to investigate the flow and heat transfer from a hot square cylinder placed in a uniform
stream of nanofluid.
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2. Review of Previous Work

The complexity involved in flow over a heated square cylinder is that it provides gen-
erous flow and heat transfer physics, namely recirculation, vortex shedding, wake region,
and shear layer interaction [14,15]. Over the past few decades, a considerable amount
of studies dealing with the single-phase modelling approach have been published [16].
Etminan-Farooji et al. [17] investigated numerically the effects of using nanofluids in
unconfined flow past a hot square cylinder. The heat transfer characteristics of Al2O3
and CuO nanofluids are studied by varying effective parameters such as particle volume
concentrations, nanoparticle diameters (dnp), and base fluid. They found that heat transfer
increases with a rise in nanoparticle volume fraction (ϕ) but falls with nanoparticle diam-
eter (dnp). The effect of ϕ on the heat transfer is more significant than that of dnp. They
also revealed ϕ has more effect on the heat transfer than the particle diameter (dnp). For
the same governing parameters, CuO nanofluid (ϕ = 4% & dnp = 30) and Al2O3 nanofluid
(ϕ = 4% & dnp = 30) augmented heat transfer by 25.1% and 23.6% relative to the base fluid,
respectively. Valipour et al. [18] who worked on the same geometry and flow configuration
found that the Nusselt number (Nu) increases with nanoparticle volume fraction (ϕ). The
effect of nanoparticles volume fraction on the drag coefficient (CD) is significant at low Re,
and increasing ϕ augments the drag coefficient.

Some researchers attempted to use multi-phase modelling approaches to predict
the behaviour of nanofluids. Although suspension of a nanofluid is inherently a two-
phase fluid, the two-phase modelling approaches may offer realistic results compared
to single-phase approaches. Multi-phase modelling methods can be categorized into
Eulerian-Eulerian and Eulerian-Lagrangian [19]. The Eulerian-Eulerian methods are further
divided into Mixture, Eulerian, and Volume of fluids (VOF) models. Overall mixture model
is recommended while comparing single-phase, VOF, and Eulerian models because it
takes less run time and CPU usage to model flow and heat transfer behaviours. Still,
the difference between the model results is marginal [20,21]. Bizhaem and Abbassi [22]
conducted numerical simulations of nanofluid flow in a helical tube maintained at a
constant wall temperature using the two-phase mixture model. They revealed that the
nanofluid and the base fluid have almost the same axial velocity profile, but their thermal
profile has a significant change. A better heat transfer enhancement can be achieved
at a low Reynolds number (Re = 200). They found that the heat transfer coefficient in
the developing regions inside a straight tube simulated using mixture model shows a
better prediction than the homogeneous model. Karimi et al. [23] performed numerical
simulations of nanofluid (Al2O3-water) flow in a double-tube heat exchanger equipped
with twisted tape, employing the two-phase mixture model. The results revealed that
the use of alumina particles in water augments heat transfer up to 30% at the cost of
increased pressure drop up to 40%. Selvakumar and Dhinakaran [24] performed numerical
simulations of nanofluids around a circular cylinder using the two-phase mixture model
in the steady flow regime (10 ≤ Re ≤ 40). They observed that the mixture model predicts
higher heat transfer rates compared to the single-phase model.

Numerical studies involving nanofluids that consider a multi-phase approach under
natural or mixed convective mode of heat transfer are very few, and they are mainly con-
cerned with the flow of nanofluids in lid-driven cavities [25–29]. Pakravan and Yaghoubi [25]
studied numerically the natural convection of nanofluids (Al2O3-water) in a square cavity
and compared it with the available experimental data. In their study, the cavity is heated
and cooled at constant temperature on two vertical walls while the two horizontal walls
are assumed to be adiabatic. A two-phase modeling approach is utilized to consider the
nanoparticle migration. It is found that the considered model gives better consistency with
experimental measurements relative to the conventional single-phase modelling. They
revealed that the Nusselt number (NuM) of nanofluid for natural convection in a cavity
decreases as volume fraction (ϕ) increases and the obtained results are in good agreement
with the experimental studies, too. Alinia et al. [26] numerically investigated the mixed
convection heat in an inclined cavity with SiO2-water nanofluids. In the cavity, the left and
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right-side walls are at different constant temperatures while the top and bottom side walls
are insulated moving lids. A two-phase mixture model is adopted to analyse the thermal
behaviour of nanofluids for various enclosure inclination angles ranging from −60◦ to
+60◦. The results show that the presence of nanoparticles and their addition in base fluid
enhances the heat transfer in the cavity significantly and causes notable changes in the flow
pattern. Besides, the effect of inclination angle is more pronounced at higher Ri (≥10) only.
Esfe et al. [27] conducted a 3D-numerical study on free convection in a cubical cavity with
porous fins using nanofluid (CuO-water) as the working fluid. The two-phase mixture
model is employed, and the numerical simulations are performed. They have analyzed the
result for different Rayleigh numbers (103–105). The numerical results show that at lower
Rayleigh number (∼ 103) the value of mean Nusselt number is relatively small since con-
duction dominates over convection. On the other hand, a high Rayleigh number enhances
the convection term that becomes more dominant than conduction, which increases the
average Nusselt number, since fluid flow irregularity intensifies consequently. Increasing
the nanoparticle volume fraction shows an improvement in heat transfer as reported in the
aforementioned studies. Garoosi et al. [28] performed numerical simulations considering
the steady state mixed convection heat transfer (0.01 ≤ Ri ≤ 1000) of nanofluid (Cu-water,
Al2O3-water, and TiO2-water) using a two-phase mixture model. The authors used a
two-sided lid driven cavity with several pairs of heaters and coolers. It is found that at a
low Ri value, the heat transfer rate increases with the increasing number of heaters and
coolers (HACs). On the other hand, at high Ri, NuM does not change significantly after
a saturated number of HACs. The results reveal that the heat transfer rate increases by
reducing the diameter of the nanoparticles and Ri. Although the thermal conductivity of
Cu is considerably higher than that of TiO2, still the difference in heat transfer is small.
Darzi et al. [29] studied the effect of nanofluid on combined convective heat transfer inside
a finned enclosure. It is found that adding a small concentration of nanoparticles to base
fluid enhances the heat transfer, especially at a low Ri value.

Recently, Ebrahimi et al. [30] investigated the heat transfer from longitudinal vor-
tex generators placed inside microchannel heat sinks, with CuO-water and Al2O3-water
nanofluids as the working fluids. Improvement in heat transfer in the ranges 2.55–29.05%
and 9.78–50.64% was observed for Al2O3 -water and CuO-water nanofluids, respectively.
The same research group (Naranjani et al. [31]) further investigated the thermal as well
as hydraulic performance of heat sink with corrugated channels using nanofluids. About
22–40% enhancement in heat transfer was reported while using nanofluids compared to
water as coolant. Quite recently, Saieesh and Prasad [32] investigated the laminar forced
convective heat transfer from a square cylinder using the Eulerian-Eulerian mixture model
considering slip velocity for Reynolds numbers 10–40 and ϕ = 0–5%. They showed the
influence of slip velocity on heat transfer performance of nanofluids. Other recent works
dealing with heat transfer with nanofluids include those of Arjun and Rakesh [33] and
Sawicka et al. [34].

A review of the archival literature on nanofluid flow around a square cylinder reveals
that no study has been made on this topic using the multi-phase modelling approach, in
the presence of thermal buoyancy. In addition, no comparison has been made between
the two approaches for this flow configuration. In this study, the results obtained from
single and multi-phase approaches using SIMPLE algorithm are presented along with the
detailed investigations. In particular, the effects of considered parameters (i.e., Re, Ri, ϕ)
on the local and global flow and heat transfer characteristics have been presented and
discussed. In the present study, nanofluid flow past a hot square cylinder is studied and
the resulting heat transfer is compared with that of the base fluid. The temperature field
and flow structure around the square cylinder are visualized and presented through the
results obtained from numerical simulations performed based on multi-phase modelling.
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3. Mathematical Formulation
3.1. Problem Description and Geometrical Configuration

A two-dimensional square cylinder (height, D) placed in an unbounded domain is
considered as shown in Figure 1a. The cylinder is hot with its surface maintained at a
constant temperature θw greater than that of the ambient fluid that flows in the positive
x-direction. The ambient fluid is Al2O3-water nanofluid flowing with a uniform velocity
(U0) and has a temperature θ0. The thermal buoyancy is considered with the gravity acting
opposite to the flow direction and parallel to the flow inlet. The heated cylinder exchanges
heat with the nanofluid flowing past its surface, resulting in heat transfer. The boundaries
of the computational domain are placed far from the heated cylinder and appropriate
boundary conditions are used while performing the calculations. The simulations are
carried out for both steady and unsteady flow regimes. The heat transfer taking place from
the cylinder can be modelled with appropriate governing equations to predict the flow
and thermal field. Since nanofluids contain solid particles dispersed in liquid medium,
two kinds of approaches can be followed. One is the single-phase modelling approach
and the other is the two-phase modelling approach. In the next section, we describe both
the approaches.
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3.2. Governing Equations
3.2.1. Single-Phase Model (SPM)

The single-phase modelling approach assumes that the nanoparticles in the base
fluid can be easily fluidized and reach the base fluid velocity. Therefore, the nanofluid is
considered a homogeneous fluid. Further, it is assumed that both the liquid and particle
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phases are in thermal equilibrium and move with the same velocity [35]. The governing
equations of continuity, momentum, and energy [36] are given as follows:

• Continuity equation:

∇ ·
(

ρn f
→
V f

)
= 0, (1)

• Momentum equation:

∇ ·
(

ρn
→
v f
→
v f

)
= −∇P +∇ ·

(
µn f ∇

→
V f

)
+ ρn f (θ − θ0)βnp

→
g , (2)

• Energy equation:

∇ ·
(

ρn f c(p,n f )
→
V f θ

)
= ∇ ·

(
Kn f ∇θ

)
, (3)

where,
→
V f , ρn f , µn f , βnp, c(p,n f ), and Kn f are the velocity vector, density, viscosity, ther-

mal expansion coefficient, specific heat, and thermal conductivity, respectively. The
difference between the solid surface temperature and free-stream average temperature
is used as the characteristic temperature difference.

3.2.2. Nanofluids Modelling

The volume fraction of nanofluid (ϕ) is the volumetric concentration of the nanoparti-
cles in the nanofluid. The effective properties of nanofluids such as the effective density,
viscosity, thermal expansion coefficient, and thermal conductivity are given by

• Effective density:
ρn f = φρnp + (1− φ)ρb f . (4)

• Effective viscosity (Brinkman [37]):

µn f = µb f /(1− φ)2.5. (5)

• Effective specific heat (Xuan and Roetzel [38]):

cp,n f =
(1− φ)

(
ρcp
)

b f + φ
(
ρcp
)

np

(1− φ)ρb f + φρnp
. (6)

• Effective thermal conductivity (Xie et al. [39]):

Kn f =

(
1 + 3Θ′φT +

3Θ′2φ2
T

1−Θ′φT

)
Kb f , with Θ′ =

β′(nl,b f )

[
(1 + γ)3 − β(np,nl)

β′
(b f ,n)

]
(1 + γ)3 + 2β′

(nl,b f )β
′
(np,nl)

, (7)

where,
β′(nl,b f ) =

Knl−Kb f
Knl+2Kb f

, β′(np,nl) =
Knp−Knl

Knp+2Knl
, β′(b f ,nl) =

Kb f−Knl
Kb f +2Knl

,

φT = φ(1 + γ)3, γ = δ/rp

(8)

where, g is ratio of the nanolayer thickness (δ) to the original particle radius (rp). The
nanoparticle diameter (2rp) and nanolayer thickness (δ) are taken as 30 nm and 2 nm,
respectively.

The thermal expansion coefficient of nanofluids can be estimated utilizing the volume
fraction of nanoparticles on a weight basis and is given by [40]

(ρβ)n f =
(
1− ϕnp

)
(ρβ)b f + ϕnp(ρβ)np. (9)
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3.2.3. Multi-Phase Model (MPM)

Unlike the other models (i.e., Eulerian model, VOF model), the mixture model is
based on a single fluid but two-phase approach. The phases have their velocity vector (i.e.,
interpenetrating) closely following the flow, and coupling between them is substantial [26].
In the control volume, primary and secondary phases have their separate volume fractions.
The primary phase influences the secondary phase via drag and turbulence, while the
secondary phase, in turn, influences the primary phase via a reduction in mean momentum
and turbulence. The mixture model is based on the following assumptions [20]: (1) all
phases are allocated a single pressure; (2) the secondary phase is assumed to be spherical in
shape with uniform particle size and their interactions between different dispersed phases
are neglected; (3) the concentrations of the secondary dispersed phases are solved from
scalar equations taking into account the correction due to phase slip. It is to be noted that
turbulence generation in the secondary phases is not accounted for, nor is the turbulence of
the primary phase directly affected by the presence of the secondary phase [41]. Instead of
utilizing the governing equations of each phase separately, the continuity, momentum, and
energy equations for the mixture are employed and written in the dimensional form as

• Continuity equation:

∇ ·
(

ρm
→
Vm

)
= 0. (10)

• Momentum equation:

∇ ·
(

ρm
→
Vm
→
Vm

)
= −∇Pm +∇ ·

(
µm∇

→
Vm

)
+

∇ ·
[
(1− φ)ρb f

→
Vdr,b f

→
Vdr,b f + φρnp

→
Vdr,np

→
Vdr,np

]
+ ρm(T − T0)βm

→
g .

(11)

• Energy equation:

∇ ·
[(

ρb f cp,b f

)
(1− φ)

→
Vb f T +

(
ρnpcp,np

)
φ
→
VnpT

]
= ∇ · (Km∇T). (12)

• Volume fraction equation:

In the MPM model, each phase has its own velocity vector field and within a given con-
trol volume there exists a certain fraction for each phase. In addition to Equations (9)–(11),
the mixture model solves the volume fraction equation for the secondary phase. It then
uses an algebraic expression to calculate the relative velocity between the phases

∇ ·
[
(1− φ)ρnp

→
Vm

]
= −∇ ·

[
(1− φ)ρnp

→
Vdr,np

]
, (13)

where, Vm, ρm, µm, Km, and Pm are velocity, density, viscosity, thermal conductivity, and
pressure of mixture; Vdr,np and Vdr,b f are the drift velocity of nanoparticle and drift velocity
of base fluid; ρb f and c(p,b f ) are the density and specific heat of the base fluid; ρb f and
c(p,n f ) are the density and specific heat of nanofluids; φ is the solid volume fraction of

the nanoparticles, respectively. The mixture velocity
→
Vm is determined as follows:

→
Vm =

Σn
np=1

φnpρnp
→
Vnp

ρm
. In this equation,

→
Vdr,np is the drift velocity for the secondary phase and

is expressed as,
→
Vdr,np =

→
Vnp −

→
Vm. The velocity of the secondary phase in relation to

the primary phase is known as the relative or slip velocity and it is defined as
→
Vnp,b f =

→
Vnp −

→
Vb f . The drift velocity is related to the slip velocity as

→
V(dr,np) =

→
V(np,b f ) − Σn

s=1

→
V(np,b f )

φnpρnp

ρm
(14)
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The following equations are proposed by Manninen et al. [42] and Schiller [43] to

calculate the slip velocity
→
V(np,b f ) and drag function (fdrag), respectively:

→
V(np,b f ) =

ρnpd2
np

18µb f fdrag

ρnp − ρm

ρnp

→
a . (15)

In the above equation, Renp =
dnpρnp|Vnp,b f |

µm
and the acceleration is given as

→
a =

→
g − (Vm · ∇)Vm. For mixture model calculations, the thermo-physical properties of nanoflu-
ids have been taken from their respective models [37–39]. The physical properties of
nanoparticle and base fluid are shown in Table 1.

Table 1. Thermo-physical properties of base fluid and nanoparticles at 293 K.

Property Water [21] Al2O3 [44,45]

ρ (Kg/m3) 998.2 3790

Cp (j/Kg-K) 4182 765

K (W/m-K) 0.6 40

µ (Kg/m-s) 10.03 × 10−4 -

β (1/K) 2.1 × 10−4 8.5 × 10−6

3.3. Boundary Conditions

At the inlet boundary, a uniform flow profile (i.e., U0 = 1, and V = 0) is assumed.
A zero-shear boundary condition is specified along the top and bottom boundaries, (i.e.,
∂U/∂Y = 0, and V = 0) of the domain. The right-side boundary is designated as the outlet.
This boundary is located sufficiently far downstream from the cylinder, and it is considered
as the pressure outlet (i.e., default option in FLUENT, known as ‘PRESSURE OUTLET’),
which assumes a zero-gauge (static) pressure (P = 0) for the operating pressure. For the
velocities, the following boundary conditions are used: ∂U/∂Y = 0, and ∂V/∂X = 0 [46].
The no-slip condition (i.e., U = 0, and V = 0) is applied on the cylinder surface. For thermal
boundary conditions, the top and bottom boundaries of the domain are assumed to be
adiabatic, except on the heated cylinder where the non-dimensional temperature (i.e.,
Θ = (Θ− θ0)/ (θw − θ0)) is unity, and the inlet boundary is kept as Θ = 0. The physical
properties of the fluid are assumed to be constant except for the density in body force,
which varies linearly with temperature (i.e., Boussinesq’s hypothesis).

4. Numerical Details
4.1. Grid Sensitivity Analysis and Code Verification

Sensitivity of the grid to the obtained results is extensively tested. A rectangular
domain is employed as shown in Figure 1a. In order to minimise the influence of boundary
effects, the top, bottom, inlet, and outlet boundaries are placed sufficiently far away from
the square cylinder. As shown in Figure 1b, a structured and non-uniform grid system
is used in the entire computational domain. A fine mesh is placed close to the surface
of the cylinder. Tests are carried out with four different grid sizes close to the cylinder
viz., δ = 0.001D, 0.003D, and 0.01D. Among these, δ = 0.003D is found to be the optimum
size of the grid close to the cylinder surface. The grids are evenly distributed around the
cylinder surface. A non-uniform structured grid, with ∆ = 0.25D, is applied elsewhere.
The grids are stretched by smooth transition using different bias factors i.e., (growth rate)
× (number of divisions−1). Table 2 summarizes the effect of grid size and downstream
length (LD). Influence of LD on the drag coefficient (CD) and mean Nusselt number (NuM)
of the cylinder are tested for four distinct values of LD = 10D, 15D, 20D, and 25D at Ri = 0
and 1. Finally, as mentioned in Table 2, at LD = 15D and grid size of 244 × 134, grid
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point are found to be the best choice as they predict the flow features best while incurring
comparatively less computational time.

Table 2. Grid sensitivity and downstream length (LD) dependence test on drag coefficient (CD) and
Nusselt number (NuM) of cylinder at Re = 50 and volume fraction, ϕ = 5%.

LD/D
Grid Size Ri = 0 Ri = 1

(m × n) CD NuM CD NuM

10

172 × 102 1.896 8.3245 7.584 9.8541

194 × 124 1.8152 8.1251 7.4879 9.8574

260 × 190 1.7548 7.8951 7.3215 9.5411

15 *

222 × 112 1.7984 7.4614 5.6412 9.2448

244 × 134 * 1.7843 7.4566 5.6332 9.2258

310 × 200 1.7843 7.4564 5.6332 9.2256

20

272 × 122 1.7784 7.5842 5.6311 9.2258

294 × 144 1.7842 7.4566 5.6332 9.2258

360 × 210 1.7843 7.4548 5.6422 9.2255

25

322 × 132 1.7821 7.4667 5.6411 9.2287

344 × 154 1.7833 7.4545 5.6612 9.2255

410 × 220 1.7844 7.4566 5.6332 9.2258
* Mesh and downstream length (LD) used in this study.

4.2. Numerical Method

The governing equations of fluid flow and heat transfer, namely Equations (1)–(3)
(for single-phase simulations), and Equations (10)–(12) (for two-phase simulations) are
solved using the commercial CFD software-ANSYS FLUENT (service pack; 15.0.7) [47].
The QUICK scheme is utilized for discretizing the convection terms, while the second-order
central difference scheme is used for the diffusion terms. The SIMPLE algorithm is used for
pressure-velocity coupling. It is found that the SIMPLE algorithm shows good agreement
between experimental and numerical results [23]. The node-based method is adopted
to find gradients on the mesh surface. Then, 2D numerical simulations are carried out
for an isothermally heated cylinder immersed in nanofluid when both the imposed flow
and the buoyancy induced motion are in the same direction, i.e., the so-called buoyancy
aiding configuration. In the Boussinesq approximation context, the suitable forms of the
momentum and thermal energy equations for the mixture model are solved numerically.
In all the simulations, solutions are assumed to be converged when the residual in each cell
dropped to 10−6.

5. Results and Discussions

Mixed convective heat transfer from a square cylinder in a uniform flow, with nanoflu-
ids as working fluid, is investigated for the following operating parameters:

• Reynolds number (Re) = 10, 30, 50, 80, 100, and 150.
• Richardson number (Ri) = 0, 0.5, and 1.
• Volume fraction of nanoparticles (ϕ) = 0, 1%, 3%, and 5%.

5.1. Fluid Flow Characteristics
5.1.1. Flow Patterns

The time evolution of lift coefficient, streamlines, and instantaneous vorticity contours
in the vicinity of the cylinder are shown in Figure 2a–c for Re = 10, 30, 50, 80, and 100 at
Ri = 0. From the time evolution of lift coefficient shown in Figure 2a, it is observed that
flow is steady for Re < 50, while it has turned unsteady at Re = 50. The critical Reynolds
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number (Recr) for wake instability is observed to be equal to 44.7, 45, 46, 47 ± 2, and 49.5 in
the work of Park and Yang [48], Saha et al. [49], Jiang et al. [50], Sohankar et al. [51], and
Abdelhamid et al. 2021 [52], respectively. It can be seen in Figure 2b that the flow separates
at the leading edge of the cylinder at Re = 10. Consequently, a separation bubble (steady
recirculating region) consisting of twin symmetric vortices forms at the leeward side of the
cylinder. This separation bubble increases in size with Re, and the flow remains steady at
Re = 30 [53]. At a higher Reynolds number, i.e., Re ∼ 80, the flow separates at the leading
edge of the cylinder and reattaches at a short distance downstream, thus forming a small
recirculation region on the side faces of the cylinder. Overall, distinct flow patterns such as
steady flow separation at the trailing edge with a separation bubble at the leeward side,
flow separation at the trailing edge with vortex shedding, separation at the leading edge
and reattachment on the sides of the cylinder, and separation at the leading edge with no
reattachment, can be identified, as seen in subplots (i–v) of Figure 2b.
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The vorticity contours are presented in Figure 2c to gain further insights into fluid
flow, especially near the cylinder. At Re = 50, the vortices in the separation bubble start to
separate alternately from the trailing edge of the square cylinder. As a result, the positive
(i.e., anticlockwise rotation of the fluid remarked by solid lines) and negative vortices (i.e.,
clockwise rotation of the fluid remarked by dashed lines) grow periodically and start to
shed from the cylinder and move downstream due to the Bènard-von Kàrmàn instability
phenomena. This phenomenon is referred to as vortex shedding, which can be clearly seen
in subplot (iii) of Figure 2c.

Time-averaged streamlines obtained by averaging the stream function during a shed-
ding cycle are presented in Figures 3 and 4. The recirculation bubble at the leeward side
of the cylinder increases with Re when Ri is maintained constant (see, subplots (i–iv) of
Figure 3a,b). The opposite trend is observed with increasing Ri when Re is maintained
constant (see, subplots (i–iii) of Figure 3a,b). This is most likely because buoyancy increases
the velocity gradient at the cylinder surface and reduces the pressure over the surface of
the cylinder that affects the size of the recirculation bubble. The density of the velocity
vectors is high at Ri = 1 compared to Ri = 0 due to aiding buoyancy as seen in Figure 5b.
Therefore, at any fixed value of Re, the wake length at Ri = 0 would be higher than that
at Ri = 0.5 and 1. Similar findings are also reported by Sharma et al. [54] in their study on
the mixed convection heat transfer from a square cylinder under thermal buoyancy at low
Re values.

Further, the downstream stretching of vorticity contours increases with Re at a fixed
value of Ri. The magnitude of the vorticity near the surface of the cylinder increases with an
increase in Re and/or Ri, as seen in Figure 6a,b. Further, the effects of thermal buoyancy on
heat transfer are discussed in Section 5.2.1. Comparison of the results between single-phase
and multi-phase approaches is shown through streamline plots and vorticity contours
in Figure 7I,II at different values of Re and Ri. It is observed that the wake and vorticity
patterns show qualitatively similar trends for both the approaches for the considered
parameters.

5.1.2. Time-Averaged Pressure Coefficient

The variation of time-averaged pressure coefficient (CP) on the face of the cylinder
is presented for Re = 10, 50, 80, and 100 at Ri = 0, 0.5, and 1.0 for nanoparticle volume
fraction ϕ = 0% and 5% in Figure 8a–f. The maximum value of CP is observed (near the
front stagnation point) at the windward side (i.e., CD) of the cylinder compared to other
surfaces (i.e., AB, BC, and DA). This is consistent with the results of Gupta et al. [55] who
investigated the flow and heat transfer from a semi-circular cylinder in a confined domain
in the presence of buoyancy. The difference in magnitude of CP on the windward (CD) and
leeward (AB) surfaces decrease with Re. As seen in subplots (a–c) of Figure 8, the pressure
coefficient increases with Ri at a fixed value of Re. Still, CP has no appreciable change with
an increase of ϕ value in both buoyancy and non-buoyancy cases as observed in subplots
(d−f) of Figure 8. Overall, CP varies with Re and Ri regardless of the ϕ variation.
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5.1.3. Time-Averaged Drag Coefficients

The variation of time-averaged drag coefficient for the flow past a square cylinder is
presented as a function of Re for different values of ϕ at Ri = 0, 0.5, and 1, in Figure 9a–c.
The drag coefficient (CD) decreases with an increase of Re from 10 to 150, as can be seen in
Figure 9a. It is well documented that at Ri = 0, in the steady flow regime, CD is mostly due
to viscous drag and it decreases with an increase in Re. In the unsteady vortex shedding
regime, as eddies are continuously shed from the cylinder, CD is mainly due to pressure
drag. A slight increment in CD is observed with an increase in Re from 100 to 150, as seen
in the zoomed view in subplot (a) of Figure 9. This decrement of CD with Re in steady
flow regime is significantly high compared to unsteady flow regime. For lower values (i.e.,
10 ≤ Re ≤ 50) of Re at Ri = 0, CD increases with an increase in the nanoparticles volume
fraction (ϕ) in base fluid. This is noticeable at Re = 10 in the zoomed view of subplot (a)
of Figure 9. It is noted that the effective viscosity (µn f ) increases with ϕ, and this leads
to an increase in viscous drag force that exerts a more retarding force to the shear layers
and consequently the magnitude of CD is increased. For higher Re values (>50), effects of
an increment of ϕ on CD is found to be negligible. Similarly, at higher values of Ri (i.e.,
0.5 and 1), effects of ϕ on CD are not significant (see subplots (b,c) of Figure 9). It can also
be concluded from Figure 9a–c that CD increases with Ri in the presence of buoyancy as
more forces are exerted on the cylinder. The findings are also consistent with the literature
reported for the mixed convection heat transfer from a circular cylinder [56].



Energies 2021, 14, 5485 17 of 26

Energies 2021, 14, x FOR PEER REVIEW 17 of 27 
 

 

more forces are exerted on the cylinder. The findings are also consistent with the literature 

reported for the mixed convection heat transfer from a circular cylinder [56]. 

 

Figure 9. Drag coefficient (𝐶𝐷) as a function of Re for different values of φ at Ri; (a) 0, (b) 0.5, and (c) 1.0. 

5.2. Heat Transfer Characteristics 

5.2.1. Isotherms 

Contours of isotherms around the heated square cylinder are shown in Figures 10–

12 for different values of Re, Ri, φ where a comparison between single-phase and multi-

phase models are also shown. Figure 10a–c shows the isotherms at Ri = 0, 0.5, and 1 when 

Re = 10, 50, and 100. At Ri = 0, when Re is increased from 10 to 100, the clustering of the 

isotherms increases around the cylinder. One can understand that at lower values of Re 

heat transfer occurs mainly due to diffusion process and at higher values of Re the thermal 

boundary layer spreads along the flow direction due to the dominance of convective 

transport (see, Figure 10a). Under aiding buoyancy conditions (Ri = 0.5 and 1) within the 

same Re range, clustering and lateral thinning of the thermal boundary layer can be seen 

in the wake region towards the downstream direction as Ri increases from 0.5 to 1. This 

clustering of the thermal boundary layer on the windward side is highest, followed by the 

top/bottom face and then the rear face of the cylinder and accordingly heat transfer rate 

changes along the surface (see, Section 5.2.2). The edging of the thermal boundary layer 

along the centre line and towards the downstream direction increases with increasing 

value of Ri and/or Re as observed in Figure 10b,c. 

Figure 9. Drag coefficient (CD) as a function of Re for different values of ϕ at Ri; (a) 0, (b) 0.5, and (c) 1.0.

5.2. Heat Transfer Characteristics
5.2.1. Isotherms

Contours of isotherms around the heated square cylinder are shown in Figures 10–12
for different values of Re, Ri, ϕ where a comparison between single-phase and multi-phase
models are also shown. Figure 10a–c shows the isotherms at Ri = 0, 0.5, and 1 when Re = 10,
50, and 100. At Ri = 0, when Re is increased from 10 to 100, the clustering of the isotherms
increases around the cylinder. One can understand that at lower values of Re heat transfer
occurs mainly due to diffusion process and at higher values of Re the thermal boundary
layer spreads along the flow direction due to the dominance of convective transport (see,
Figure 10a). Under aiding buoyancy conditions (Ri = 0.5 and 1) within the same Re range,
clustering and lateral thinning of the thermal boundary layer can be seen in the wake
region towards the downstream direction as Ri increases from 0.5 to 1. This clustering of
the thermal boundary layer on the windward side is highest, followed by the top/bottom
face and then the rear face of the cylinder and accordingly heat transfer rate changes along
the surface (see, Section 5.2.2). The edging of the thermal boundary layer along the centre
line and towards the downstream direction increases with increasing value of Ri and/or Re
as observed in Figure 10b,c.

In Figure 11a,b, a comparison between the isotherms for base fluid (ϕ = 0%) and
the nanofluid (ϕ = 5%) is presented at Ri = 0 and 1. In the subplot, the upper half of the
isotherms is for nanofluid while the lower half shows the results for base fluid. From the
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figure, it is observed that the effect of ϕ on the thickness of a thermal boundary layer is
more noticeable only at a lower value of Re (see, subplot (i) of Figure 11a,b). It is known that
adding nanoparticles to base fluid increases the effective viscosity (µn f ) and the effective
thermal conductivity (Kn f ) of fluid. Consequently, an increase in µn f reduces the convection
effect while an increase in Kn f enhances the heat transfer. Still, fluid momentum produced
due to the buoyancy and inertial forces are high enough to overcome the decrement of
convection induced by viscosity. Furthermore, minor changes are found on the thermal
boundary layer with increment in ϕ at higher values of Ri and Re, as seen in subplots
(ii,iii) of Figure 11b. A comparison of the isotherms for single and multi-phase models are
presented in Figure 12a,b. A significant change in isotherm patterns can be observed at a
lower value of Re only with the change in Ri (see, subplot (i) of Figure 12a,b).
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5.2.2. Local and Mean Nusselt Number of the Cylinder

The local Nusselt number (Nul) variation over the square cylinder is presented in
Figure 13a–i. The effects of Re, Ri, and ϕ values on Nul for the considered parameters
are shown. Peak values of Nul occur at the corners of the square cylinder due to large
temperature gradients. The maximum value of Nul is noticed at the windward side (i.e.,
CD) of the cylinder, which increases with Re, for given values of Ri and ϕ (see, subplot
(a–c) of Figure 13). A significant enhancement is noticed for Nul magnitude when Ri is
increased for a given Re and ϕ (see, subplot (d–f) of Figure 13). Similarly, effects of the
addition of nanoparticles are measurable at the windward surface (CD) of the cylinder at
the given value of Ri and Re.

The mean Nusselt number (NuM) variation is shown in Figure 14a–c. Since ϕ changes
the thermophysical properties of the nanofluids, accordingly the mean Nusselt number
increases with an increase in ϕ. A significant increment in NuM is observed at higher
values of ϕ and Re, which justifies the use of nanofluids. An increment of Re and Ri rises
the convective heat transfer rate and fluid momentum that creates a temperature gradient
in the vicinity of the cylinder resulting in enhanced NuM. The quantitative comparison of
NuM value obtained from the single-phase and multi-phase models is presented in Table 3.
It is found that the use of the MPM approach indicates a higher value of NuM than the
SPM approach for the same operating parameters. A similar finding is reported in the
literature for Reynolds number in the range of 10 ≤ Re ≤ 40 [24].
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Table 3. Comparison of drag coefficient (CD and Nusselt number (NuM) of the cylinder with the literature.

Re

CD

Ri = 0 Ri = 0.5 Ri = 1.0

aa bb Error (%) aa bb Error (%) aa bb Error (%)

1 13.995 13.836 1.137 22.125 21.883 1.094 29.32 28.965 1.211

5 4.878 4.8 1.6 8.012 7.977 0.437 10.325 10.424 0.959

10 3.322 3.318 0.121 5.443 5.436 0.129 7.029 7.012 0.242

20 2.351 2.353 0.086 3.861 3.859 0.052 4.981 4.989 0.161

30 1.978 1.977 0.051 3.247 3.248 0.031 4.181 4.189 0.192

40 1.764 1.765 0.057 2.896 2.895 0.035 3.733 3.742 0.242

Re

NuM

Ri = 0 Ri = 0.5 Ri = 1.0

aa bb Error (%) aa bb Error (%) aa bb Error (%)

1 0.681 0.696 2.203 0.771 0.758 1.687 0.781 0.793 1.537

5 1.212 1.191 1.733 1.322 1.329 0.53 1.422 1.405 1.196

10 1.544 1.551 0.454 1.733 1.744 0.635 1.833 1.852 1.037

20 2.051 2.035 0.781 2.322 2.312 0.431 2.433 2.457 0.987

30 2.367 2.388 0.888 2.722 2.727 0.184 2.922 2.911 0.377

40 2.612 2.596 0.613 3.05 3.08 0.984 3.254 3.288 1.054
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Table 3. Cont.

ϕ

NuM

Re = 10 Re = 40

aa cc Error (%) aa cc Error (%)
0 3.811 3.81 0.027 7.101 7.1 0.015

1 3.829 3.824 0.131 7.11 7.104 0.085

3 3.944 3.937 0.178 7.33 7.343 0.178

5 4.158 4.166 0.193 7.822 7.812 0.128

aa Present study, bb Sharma et al. [52], cc Selvakumar and Dhinakaran [24].

5.2.3. Thermal Performance

Figure 15a–c displays the heat transfer enhancement ratio (E = NuM/NuM0) as a
function of Re for different values of ϕ. Here, NuM0 represents the Nusselt number value
of the base fluid (at ϕ = 0). The enhancement ratio increases with ϕ and decreases with
Re. It almost remains constant at a low value of ϕ (∼ 1) regardless of the Ri variation.
Further, there are no significant effects on E under thermal buoyancy conditions. Moreover,
higher heat transfer enhancement occurs at low Reynolds number and at high volume
fraction. At the same time, the drag coefficient of the cylinder and viscosity of fluid is also
greater in magnitude. Table 4 presents the Nusselt number (NuM) deviation between the
single-phase modelling and multi-phase modelling approaches at Ri = 1.0. A percentage
difference less than 1% in NuM is observed between the two models.
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Table 4. Nusselt number (NuM deviation between single-phase modelling and multi-phase modelling approaches at
Ri = 1.0.

Re
ϕ = 1% ϕ = 3% ϕ = 5%

MPM SPM Deviation (%) MPM SPM Deviation (%) MPM SPM Deviation (%)

10 3.392 3.381 0.326 3.585 3.55 0.986 3.789 3.768 0.558

30 5.415 5.393 0.408 5.716 5.687 0.51 6.033 5.986 0.786

50 6.84 6.818 0.323 7.193 7.127 0.927 7.565 7.496 0.921

80 8.331 8.325 0.073 8.718 8.702 0.184 9.124 9.1 0.264

100 9.037 9.021 0.178 9.46 9.453 0.075 9.847 9.883 0.365

150 10.821 10.773 0.446 11.386 11.277 0.967 11.991 11.877 0.96

6. Conclusions

Mixed convective heat transfer from a heated square cylinder placed in a uniform
flow is studied numerically with Al2O3-water nanofluids as the working fluid using the
two-phase mixture model. This model gives better consistency due to the inclusion of the
multi-phase approach while considering slip velocity between nanoparticles and base fluid.
The fluid flow and heat transfer behaviour are presented through vorticity, streamlines,
and thermal contours. By increasing the solid volume fraction, minor variations in the flow
and thermal patterns are observed for the base fluid under thermal buoyancy condition.
For a fixed Ri, the recirculation bubble increases with Re. Magnitude of vorticity increases
with an increase in Re and Ri. Streamlines and vorticity contours qualitatively show
similar trends for both the single-phase and multi-phase approaches. The magnitude of
the pressure coefficient decreases with an increase in Re from 10 to 100. Minor variation
in Cp is observed with variation in nanoparticle volume fraction from 0 to 5%. A slight
rise in CD is observed for nanofluids when Re varies from 10 to 50. Beyond this value, no
significant change in CD is observed for any value of ϕ. A remarkable change in isotherm
patterns can be observed at a lower value of Re only with the change in Ri. A significant
enhancement in heat transfer is noticed for Nul magnitude when Ri is increased for a
given Re and ϕ. The local and mean Nusselt numbers increase with Reynolds number,
Richardson number, and nanoparticle volume fraction. For instance, the mean Nusselt
number of nanofluids at Re = 100, ϕ = 5%, and Ri = 1 is approximately 12.4% higher than
that of the base fluid. A comparison of the calculated value of NuM is made between the
single-phase and multi-phase models. In the mixture model, effective conductivity and
viscosity of nanofluids are found to be sensitive parameters for heat transfer calculation.
The overall thermal enhancement ratio increases with ϕ and decreases with Re, and almost
remains constant at a lower value of ϕ regardless of the variation in Ri.

To expand this study as future work, the effect of nanolayer thickness and nanoparti-
cles diameter on the overall heat transfer rate can be studied for different shapes of bluff
bodies at higher thermal buoyancy.
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Nomenclature

Notations
CD drag coefficient, FD/

(
0.5ρU2

0 D
)

CL lift coefficient, FL/
(
0.5ρU2

0 D
)

CP pressure coefficient, (p− p0)/
(
0.5ρU2

0
)

cp specific heat capacity, J/kg-K
D height of the cylinder, m
E heat transfer enhancement ratio, NuM/NuM0
FD drag force, N
FL lift force, N
g gravitational acceleration, m/s2

Gr Grashof number,
(

gβ∆θD3)/(µρ)2

K thermal conductivity of fluid, W/m-K
LU length of upstream boundary, m
LD length of downstream boundary, m
LH height of the boundary from the cylinder, m
m, n number of grids in x- and y-direction
Nu Nusselt number, −∂Θ/∂n
p dimensional pressure, N/m2

P non-dimensional pressure, p/ρU2
0

Pr Prandtl number, µCP/K
rc thermal conductivity ratio, Ke/K f
Ra Rayleigh number, Gr Pr
Re Reynolds number, ρU0D/µ

Ri Richardson number, (gβ∆TD)/U2
0

t dimensional time, s
U non-dimensional x-component of velocity, u/U0
u, v dimensional x- and y-component of velocity, m/s
U0 reference velocity, m/s
V non-dimensional y-component of velocity, v/U0
X dimensionless horizontal distance, x/D
Y dimensionless vertical distance, y/D
x, y horizontal and vertical coordinate
Greek symbols
∆ largest grid size
δ smallest grid size
µ dynamic viscosity, kg/m-s
ω vorticity magnitude, 1/s
ϕ nanoparticles volume fraction in nanofluid
ψ stream function, m2/s
ρ fluid density, kg/m3

τt non-dimensional time, tU0/D
Θ non-dimensional temperature, (θ − θ0)/(θw − θ0)
θ dimensional temperature, K
β thermal expansion coefficient, 1/◦C
Subscripts
0 reference value
avg average
bf base fluid
cr critical
D downstream
dr drift
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e effective
f fluid
l local value of variable
M mean value
m mixture
nf nanofluid
np nanoparticles
nl nano layer
p particle
s solid
U upstream
w wall
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