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Lattice Boltzmann modeling of buoyant convection in an enclosure with 
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A B S T R A C T   

This study employs the Lattice Boltzmann Method, utilizing the Darcy-Brinkmann-Forchheimer model, to 
investigate buoyancy-driven heat transfer within an enclosure featuring differentially heated porous cylinders. 
The enclosure comprises two isothermal cylinders (one hot and one cold) separated by a distance within a cooled 
enclosure. It comprehensively assesses the impact of Darcy numbers ranging from 10-6 to 10-2, Rayleigh numbers 
spanning from 104 to 106, and various cylinder orientations. Specifically, five distinct configurations are 
considered, including horizontal alignment of hot and cold cylinders (Case A), vertical alignment of hot and cold 
cylinders (Cases B & C), and diagonal alignment of hot and cold cylinders (Cases D & E). The key findings 
highlight that the highest heat dissipation occurs in proximity to the heated cylinder, with certain orientations 
consistently demonstrating superior heat dissipation. The study explores the heat and flow characteristics at 
different Rayleigh numbers, examining these through streamlines and isotherms. Also, the impact of cylinder 
permeability on heat transfer features is comprehensively analyzed and reported. The findings of this research 
offer valuable insights for optimizing the placement of electronic components within compact electronic cabi-
nets, with potential benefits for electronic cooling and thermal management.   

Introduction 

Heat transfer via buoyant forces inside enclosures has been a key 
topic of research for decades, yet it still has practical uses, such as the 
cooling of electronic components. In the period of industrialization, 
technology is expanding rapidly. In today’s technological environment, 
electronic equipment is indispensable. Continuous use of equipment 
generates heat, raising the temperature of electrical components. To 
ensure proper operation, their temperature must be maintained. Due to 
industry’s need for a low-maintenance and cost-effective method of heat 
transfer, extensive research is conducted in this field. 

Natural convection is a buoyancy-induced phenomenon in which 
density fluctuations cause heat transfer, requiring no additional 
methods of heat removal. This investigation focuses on buoyancy- 
induced heat transfer from a heated porous cylinder to a cold one. 
Flow and heat transfer depend on convection through and around the 
porous cylinders differentially heated within a closed enclosure. The 
excellent cooling characteristics of porous media are well-known [1] 
and this research aims to enhance the heat transfer method by reconfi-
guring the hot and cold cylinders. By examining the intricate interaction 

between these heated and cold porous cylinders within an enclosed 
environment, one can gain valuable insights into the nuances of heat 
transfer characteristics. Consequently, several researchers are exam-
ining this subject. 

Bhattacharyya et al. [2] performed numerical investigation around 
and through a porous cylinder. The Brinkman, Forcheimmer and 
nonlinear convective terms were considered for a permeable body. The 
study states, as the Darcy number increases, the drag coefficient, wake 
length, and separation angle decreases. Yoon et al. [3] examined free 
convection in an enclosure with cold walls and two heated cylinders. 
The authors explored the effects of cylinder radius (ranging from 0.05L 
to 0.2L). As the cylinder radius increased, the surface mean Nusselt 
number on each enclosure wall also increased. When Ra reached 105, 
reducing the cylinder radius caused a disruption in the symmetry inside 
the enclosure. Moukalled and Acharya [4] conducted a heat transfer 
study caused by natural convection on a circular cylinder that was 
uniformly heated. They examined different aspect ratios (R/L =
0.1–0.3). If the size is larger, two opposing effects can be seen. The heat 
transfer rate enhances along with buoyancy induced convection due to 
greater surface area but consequently leads to viscous retardation. This 
results in reduction of fluid velocity. 
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Furthermore, Yoon et al. [5] investigated heat transfer using hot and 
cold solid cylinders within cooled enclosures through computational 
methods. The results demonstrate that positioning the heated cylinder 
below and the cold cylinder above increases the space available for 
upward heat transfer. When the cylinder radius is 0.05L, convection 
effects become more pronounced, whereas with a radius of 0.2L, con-
duction effects become prominent. Shruti et al. [6] conducted a nu-
merical investigation of natural convection within an enclosure 
containing a porous cylinder. They altered the cylinder’s position to the 
top, centre, bottom, right, bottom-diagonal, and top-diagonal locations, 
respectively. Their findings revealed that the most efficient heat con-
duction occurred when the cylinders were positioned in the bottom- 
diagonal configuration. Ho et al. [7] studied heat transfer from an 
adiabatic circular enclosure with two differently heated cylinders. They 
examined the effects of changing the Rayleigh number from 104 to 107, 
varying the inclination angle relative to gravity at 30, 60, and 90 de-
grees, and adjusting the distance between cylinders (s/d = 0.7, 0.8333, 
and 1.0). These factors significantly influence the heat transfer charac-
teristics. With the exception of the vertical orientation, the heat ex-
change between cold and hot cylinders is primarily governed by fluid 
recirculation in the counterclockwise direction for all orientations 
tested. 

Another follow-up study by Ho et al. [8] analyzed the effect of hot 
and cold cylinders inside circular-shaped enclosures exposed to ambient 
temperature. Convection from the enclosure wall to the atmosphere 
adds to the buoyant forces generated between the cylinders, accelerating 
total heat transfer. Baranwal et al. [9] investigated the effects of yield 
stress on natural convection. The hot and cold cylinders are arranged 

side by side, and the enclosure is filled with Bingham plastic fluid. They 
studied the effects of the Prandtl number (ranging from 10 to 100), 
Rayleigh number (ranging from 102 to 106), and Bingham number 
(ranging from 0.01 to 100). The cylinder’s location from the centre is 
varied as 0, 0.1, 0.2, and 0.25. A decrease in the Nuavg value is observed 
with increasing Prandtl and Bingham numbers. Heat transfer is 
enhanced when cylinders are positioned beneath the horizontal 
centerline of the enclosure. At Bn/Gr = 0.01, convection occurs. For 
large Bingham numbers, Nuavg reaches an asymptotic value, indicating 
that heat transfer occurs primarily through conduction. 

Mishra et al. [10] investigated heat transfer by free convection 
generated by differentially heated cylinders positioned both vertically 
and diagonally in closed chambers filled with Bingham plastic fluid. 
They examined the effect of the Prandtl number (ranging from 10 to 
100), Rayleigh number (ranging from 104 to 106), Bingham number 
(ranging from 0.01 to Bnmax), cylinder location, and spacing between 
them in the vertical (ranging from 0 to 0.25) and diagonal (ranging from 
0.15 to 0.35) orientations. Moving the cylinders away from the vertical 
centerline marginally reduces the Nuavg of the heated cylinder, while 
placing them closer to the enclosure’s sides increases it. In cases where 
cylinders are arranged diagonally, increasing the distance between them 
reduces the Nuavg value. 

Corcione et al. [11] conducted a numerical study involving differ-
entially heated cylinders within an inclined cavity containing alumina/ 
water nanofluid. The variables considered included the nanoparticles’ 
volume percentage (ranging from 0 to 0.04), the angle of inclination 
(ranging from 0◦ to 70◦), nanoparticle diameter (ranging from 25 nm to 
75 nm), nanofluid temperature (ranging from 300 K to 330 K), and the 

Nomenclature 

Notations 
C1, C2 Binary constants 
cF Non-dimensional Forchheimer term 
cs Speed of sound [ms− 1] 
Da Darcy number K

D2 

dp Particle diameter [m] 
ei Discrete lattice velocity in direction i, Δxi

Δt 
F Body force due to presence of the porous medium [N] 
Fi Total force term due to porous medium [N] 
Fb Boussinesq force term [N] 
g Gravitational acceleration [ms− 2] 
fi Particle distribution function along ith link direction 
f eq
i Equilibrium distribution function along ith link direction 

gi Temperature distribution function along ith link direction 
geq

i Equilibrium distribution function of temperature ith link 
direction 

L Length of enclosure [m] 
τt Non-dimensional time t∗uo

H 

Greek symbols 
ρ Fluid density [kg.m− 3] 
τ Dimensionless relaxation time for density 
τ′ Dimensionless relaxation time for temperature 
Δt Time step [s] 
Δx Lattice space 
θ Dimensionless temperature T− T∞

Tw − T∞ 

σ Thermal Conductivity ratio 

Subscripts 
avg Average 
i Lattice link direction 

M Mean value 
◦ Initial value 

Superscripts 
* Dimensional form of variables 
D Diameter of Cylinder [m] 
δ Distance from centre (δx or δy in x and y direction) 
G Body force due to gravity [N] 
N Number of lattices on the cylinder 
Nul Local Nusselt number ∂θ

∂n 

Nu Nusselt number hL
K 

Nuavg Average Nusselt number 
P Dimensionless pressure p*

ρu2
∞ 

Pr Prandtl number ν
α 

Ra Rayleigh number gβΔTL3

αν 
u Non-dimensional x-component velocity [ms− 1] 
v Non-dimensional y-component velocity [ms− 1] 
U Actual velocity [ms− 1] 
V Auxiliary velocity [ms− 1] 
wi Weighing factor in direction i 
x,y Non-dimensional horizontal & vertical coordinate 
x*,y* Dimensional horizontal & vertical coordinate 
∊ Porosity 
ν Fluid kinematic viscosity [m2s− 1] 
μ Fluid dynamic viscosity [Nsm− 2] 
Λ Viscosity ratio,μe

μ 

α Thermal diffusivity [m2s− 1] 
β Thermal Expansion Coefficient Raαν

gΔTL3 [K− 1] 
w Wall 
e Effective 
f Fluid  
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distance between cylinders (ranging from 0.3 to 0.6). According to their 
findings, at a tilting angle of 70 degrees, buoyant forces create high- 
concentration space above low-concentration space. Also, the temper-
ature differential between the cylinders generates a thermal driving 
force, contributing to oscillatory flow. Ma et al. [12] conducted a nu-
merical analysis of the angle effect between differentially heated cyl-
inders placed between two coaxial adiabatic cylinders filled with 
nanofluids (Cu-Ethylene Glycol, Cu-Water, and Cu-Water/Ethylene 
Glycol). The investigation involved one heated cylinder and one, two, 
and three cold cylinders positioned at various angles, ranging from 0◦ to 
315◦, with Ra varying from 103 to 105. The configuration with two 
cylinders positioned at 30 degrees, or in the case of three cylinders, a 
heated cylinder at the bottom and two cold cylinders at 90 degrees and 
180 degrees, exhibited the highest Nuavg value. The arrangement with 
four cylinders, with the heated one at 0◦ and cold cylinders at 90◦, 180◦, 
and 270◦, achieved the maximum Nuavg value. 

Ho et al. [13] conducted a further analysis of transient natural con-
vection in a circular enclosure, revealing periodic variations with 
distinct patterns. At Ra = 6 × 105, the flow direction shifts from 
clockwise to anticlockwise, while at Ra = 1.2 × 106, the strength of the 
flow field transitions from strong to weak. Garoosi et al. [14] performed 
a numerical analysis of nanofluid-filled square, circular, and triangular 
enclosures. Within a thermally insulated enclosure, they analyzed the 
orientation, shape (circle and ellipse), and quantity of cold and hot 
cylinders. For low Ra values, the findings suggest that changing the 
enclosure shape from square to triangular leads to a decrease in the heat 
transfer rate. Positioning the cylinders vertically results in a higher heat 
transfer rate. At Ra = 105, increasing the number of cylinder pairs has 
little effect on Nuavg. 

Quintino et al. [15] analyzed a nanofluid-filled (CuO, Al2O3, TiO2 
with H2O as the base fluid) adiabatic enclosure with differentially 
heated cylinders. Using a double-diffusive method with a two-phase 
model, they observed that an increase in temperature significantly in-
creases the dispersion of nanoparticles in the base fluid. As the size of 
nanoparticles decreases, the width of the cavity expands, and the tem-
perature difference between the cylinders increases, leading to a sub-
stantial increase in dispersion. Quintino et al. [16] extended this 
investigation to explore the effects of sloping adiabatic cavities. An in-
crease in the tilting angle from 0◦ to 60◦ enhances the solute driving 
force and velocity of the fluid, thereby improving heat transfer. Garoosi 
et al. [17] conducted a computational investigation of natural and mixed 
convection inside rectangular and square adiabatic enclosures. They 
analyzed the impact of orientation, size, quantity, and shape (circle and 
ellipse) of cooled and heated cylinders, demonstrating a significant in-
fluence on heat transport. The addition of cold cylinders at a high 
Rayleigh number increases heat transfer rates, but for Ra = 105, the 
opposite trend is observed. 

Garoosi et al. [18] conducted additional research on an elliptical 
adiabatic enclosure incorporating nanofluid-filled cylinders with dif-
ferential heating. Shifting the heated cylinder’s location from the bot-
tom to the top inhibits heat transfer. The horizontal configuration with 
Ra = 104 provides a better rate of heat dissipation. However, when the 
Ra value is increased, the opposite effect is observed. Nithiarasu et al. 
[19] conducted numerical work on a porous enclosure with differen-
tially heated walls, considering Rayleigh numbers ranging from 103 to 5 
× 109. The porous medium layer has an impact on the flow and thermal 
field, which enhances heat dissipation from the enclosure. Mishra et al. 
[20] conducted a numerical investigation using differentially heated 
cylinders oriented both vertically and horizontally within an enclosure 
containing fluids governed by the power law. The cylinder’s location 
varied for Gr ranging from 102 to 104, power-law index ranging from 0.2 
to 2, and Pr ranging from 0.7 to 100. An asymmetrical arrangement of 
cylinders was found to optimise heat transfer, with the horizontal 
arrangement providing superior heat transfer compared to the vertical 
and diagonal configurations. 

Ho et al. [21] investigated transient natural convection inside an 

adiabatic circular cylinder, exploring the position and distance between 
differentially heated cylinders. In the case of vertically aligned cylin-
ders, an increase in Rayleigh number and a decrease in cylinder distance 
lead to transient changes in hydrothermal properties. Hu and Mei [22] 
investigated heat transfer in a rectangular enclosure connected to a 
permeable wall. An increase in the Darcy number resulted in a 90 % 
increase in Nuavg. However, a thicker porous wall reduced heat transfer 
efficiency by 50 %. Moreover, tilting the enclosure to a 90◦ angle 
resulted in a minimum heat transfer rate. Nammi et al. [23] conducted a 
numerical analysis using four solid heated cylinders placed within a 
porous confinement. The Darcy number ranged from 10-4 to 10-2, the 
Rayleigh number ranged from 103 to 106, and the spacing between the 
cylinders ranged from 0.3 to 0.6. At Da = 10-3, the time-averaged 
Nusselt number of the lower cylinders initially decreased between 0.3 
and 0.4 and then subsequently rose to 0.6. 

The literature review presents studies involving various sizes of solid 
cylinders ranging from R = 0.1L-0.4L with one cylinder and two cylin-
ders R = 0.05L − 0.2L. According to the literature, the size and position 
of cylinders have a significant influence on heat transfer rates [3–6]. If 
the size is larger, two opposing effects can be observed. The heat transfer 
rate enhances along with buoyancy induced convection due to greater 
surface area, but this consequently leads to viscous retardation. As a 
result, there is a reduction in fluid velocity [4]. Within the lower radius 
range, the effect of convection on increasing the Nusselt number of the 
upper cylinder exceeds that of conduction in the enclosure with two 
cylinders. However, when the radius increases, the conduction in the 
region between two cylinders becomes more prominent compared to 
convection [3]. Overall, the literature review underscores the critical 
influence of solid cylinder size and position on heat transfer rates and 
therefore it is important to study the size as well as position effects. 

There have been numerous numerical studies reported in the liter-
ature on differentially heated solid cylinders in natural convection 
within an enclosure. Due to increased buoyancy, thermal plumes from 
the hot cylinder easily impact the cold cylinder. Heat exchange occurs 
both within the cylinders and with the enclosure walls. The porous 
media expands the area available for fluid circulation within the 
container. The combination of permeable and cold cylinders promotes 
natural convection processes. 

To the best of the authors’ knowledge, no studies have been con-
ducted on the effects of the position of differentially heated porous 
circular cylinders inside a cooled enclosure on natural convection. The 
aim of this investigation is to fill that gap. The main objective is to 
examine how several factors, including cylinder position, Darcy number, 
and Rayleigh number, affect flow and heat transfer. This research also 
enables the optimal positioning of heated and cooled porous cylinders 
within an enclosure to maximize heat dissipation. The novel aspect of 
this research lies in its applicability to passive cooling of electronic 
cabinets, and other systems. Furthermore, these numerical analyses help 
clarify how hot and cold porous cylinders interact with the enclosure 
wall. 

Physical model and numerical methodology 

Problem definition and geometrical setup 

Porous cylinders, one hot and one cold, are placed inside a square 
enclosure with cold walls. These cylinders are oriented in various ways, 
including vertically, horizontally, and diagonally. The study examines 
the influence of parameters such as the Rayleigh number (ranging from 
104 to 106) and the Darcy number (ranging from 10-6 to 10-2) on the heat 
transfer rates 

The enclosure is filled with air, and the cylinder’s radius is R = 0.1L, 
with a distance of 0.5L between the centers of the cylinders, as depicted 
in Fig. 1. The locations of the heated and cold cylinders are varied from 
top to bottom vertically and diagonally. However, the variation in the 
cylinder’s position from left to right does not affect the results and, 
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therefore, was not studied. Following are the different cylinder ar-
rangements considered in this study (the x and y coordinates are pro-
vided in brackets):  

• Case A - Hot upper cylinder (0.5L, 0.75L) & cold lower cylinder 
(0.5L, 0.25L)  

• Case B - Cold upper cylinder (0.5L, 0.75L) & hot lower cylinder (0.5L, 
0.25L)  

• Case C - Hot left cylinder (0.25L, 0.5L) & Right Cold cylinder (0.75L, 
0.5L)  

• Case D - Cold upper-diagonal (0.324L, 0.678L) & Hot lower-diagonal 
(0.68L, 0.32L)  

• Case E - Hot upper-diagonal (0.68L, 0.68L) & Cold lower-diagonal 
(0.32L, 0.32L) 

The assumptions used in the study are as follows: 

• Air is the working fluid, exhibiting Newtonian behaviour with con-
stant properties.  

• The fluid is incompressible and flows two-dimensionally in a steady 
regime.  

• Radiation from the heated cylinders is considered negligible.  
• The porous media and fluid are in thermal equilibrium, resulting in a 

thermal conductivity ratio of one between the fluid and porous 
material.  

• A single-phase fluid flows through a porous region consisting of a 
homogeneous and isotropic medium.  

• The values of porosity and permeability remain uniform throughout 
the region 

Governing equations 

The Darcy-Brinkman-Forchheimer model and the modified energy 
equation are employed to model flow and heat transfer through porous 
media. These equations are presented in non-dimensional form for 
simulating buoyancy-induced convection through porous bodies and are 
given as [19]. 

∂u
∂x

+
∂v
∂y

= 0 (1)  

1
∊

∂u
∂τt

+
1

∊2

(

u
∂u
∂x

+ v
∂u
∂y

)

= −
∂p
∂x

+
Pr
∊

(
∂2u
∂x2 +

∂2u
∂y2

)

− C1
Pr
Da

u

− C2
1.75
̅̅̅̅̅̅̅̅
150

√
1̅̅
̅̅̅̅

Da
√ ×

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
u2 + v2

√

∊3/2 u

(2)  

1
∊

∂v
∂τt

+
1

∊2

(

u
∂v
∂x

+ v
∂v
∂y

)

= −
∂p
∂y

+
Pr
∊

(
∂2v
∂x2 +

∂2v
∂y2

)

− C1
Pr
Da

v

− C2
1.75
̅̅̅̅̅̅̅̅
150

√
1̅̅
̅̅̅̅

Da
√ ×

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
u2 + v2

√

∊3/2 v + Ra Pr θ

(3)  

σ ∂θ
∂τt

+

(

u
∂θ
∂x

+ v
∂θ
∂y

)

=
keff

kf

(
∂2θ
∂x2 +

∂2θ
∂y2

)

(4) 

In the non-porous region, we apply the continuity, Navier-Stokes, 
and energy equations. In equation (3), binary constants C1 and C2 are 
specified as having a value of zero in the clear fluid region and a value of 
one for the porous region. The Prandtl number is defined as Pr = μ cp/kf . 
The effective thermal conductivity is expressed as: 

keff = ∊kf +(1 − ∊)ks (5) 

Here, the thermal conductivity of fluid (kf ) as well as porous medium 
(ks) is assumed to be the same. Therefore, the ratio of thermal conduc-
tivity (σ) is unity, representing non-homogeneous variation in porosity 
[19]. 

The characteristic scales assumed for dimensionless governing 
equations are defined as follows: 

x =
x∗

L
, y =

y∗

L
, τt =

tuo

L
, p =

p∗L2

ρα2 , u =
u∗L
α , v =

v∗L
α , θ =

T − Tc

Th − Tc
(6) 

The dimensional quantities are denoted by the superscript *. 

Fig. 1. Schematic diagram illustrating natural convection heat transfer from differentially heated porous cylinders within an enclosure.  
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Lattice Boltzmann method 

The theory of Lattice Gas Automata implemented on a meso scale is 
known as the Lattice Boltzmann Method (LBM). This approach finds its 
origins in the kinetic Boltzmann equation. In LBM equations, the 
convective terms of the Navier-Stokes equation are nonlinear, while the 
linear terms are well-defined. Particles are assumed to be situated on a 
lattice grid and undergo collision and streaming as they move in various 
directions. These particles subsequently collide with particles from 
another lattice, a process referred to as the collision step, and then move 
to another adjacent lattice in the streaming step. 

In LBM, calculations are carried out using probability distribution 
functions denoted as ’f’ for the velocity field and ’g’ for the temperature 
field. The governing parameters for fluid flow are the kinematic vis-
cosity and thermal diffusivity for thermal fields. Furthermore, the values 
of density, velocity, and temperature are determined in terms of LBM 
units through the following equations. 

Equation for flow field 
The first step in LBM is the collision process, where a particle from 

one lattice collides with the particle on the next lattice. The equation for 
calculating the distribution function for the flow field ‘fi’ through the 
collision process is expressed as [24]: 

fi(x+ eiΔt, t+Δt) − fi(x, t) = −
1
τ [fi(x, t) − f eq

i (x, t)]+ΔtFb +ΔtFi (7) 

In this equation, ‘ei’ denotes the direction and magnitude of velocity, 
‘τ′ is the relaxation factor, fi is the instantaneous distribution function, 
‘f eq

i ’ is the corresponding particle distribution function, and the addi-
tional forces are computed in terms of ‘Fb’ for free convection effects due 
to buoyant forces and Fi accounts for drag forces arising from porous 
media. 

The two-dimensional analysis is done using the D2Q9 model (as 
shown in Fig. 2). The particles stream in nine directions with different 
speeds, and the computation of particle speed is performed with the 
following equations: 

ei =

⎧
⎨

⎩

(0, 0), i = 0
(cos[(i − 1)π/2], sin[(i − 1)π/2])e, i = 1 − 4
(cos[(2i − 9)π/4], sin[(2i − 9)π/4])

̅̅̅̅̅
2e

√
, i = 5 − 8

(8) 

In eq. (7), the first term of the right side represents the calculation of 
the BGK collision operator value using the Single Relaxation Time model 
(SRT). As particles tends to relax toward equilibrium, relaxation factor 
(τ) is determined at each collision step. In this context, all particles 
within the lattice share the same value for τ. The relationship between 
dimensionless relaxation time and fluid viscosity in terms of Lattice 
Boltzmann (LB) units is defined by Chapman-Enskog equation, 
expressed as: 

v =

(

τ − 1
2

)

Δt c2
s (9) 

Here, ‘cs’ represents the speed of sound, defined as ck̅̅
3

√ (ck is the unit 
vector) in the D2Q9 model. 

The force term ‘Fi’, computes the drag effects generated by perme-
able materials when fluid flows through them. Consequently, it is spe-
cifically computed within the porous region, assigned a zero value in the 
fluid region. The equation is written as: 

Fi = wiρ
(

1 −
1
2τ

)[

3(ei⋅F) +
9
∊
(ei⋅U)(ei⋅F) −

3
∊
(U⋅F)] (10) 

The Darcy-Forchheimer Force term, resulting from the porous body, 
is defined by the following expression. This force encompasses both the 
viscous and inertial effects: 

F = −
∊v
K

U −
∊cF
̅̅̅̅
K

√ |U|U + ∊G (11) 

The equilibrium distribution function, denoted as ′f eq
i ’ is expressed 

as: 

f eq
i = wiρ[1 + 3(ei⋅U) +

9
2∊

(ei⋅U)
2
−

3
2∊

(U⋅U)] (12) 

The density is calculated by the summation of the distribution 
function, while the velocity generated due to porous media is termed as 
the auxiliary velocity, denoted as V in Eq (14). 

Fig. 2. Lattice structure, boundary treatment and velocity vector of the D2Q9 model [23,25].  
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ρ =
∑8

i=0
fi (13) 

and 

ρV =
∑8

i= 1
eifi +

Δt
2

ρF (14) 

The fluid’s actual velocity (U) through the permeable region is 
determined as follows: 

U =
V

c0 +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
c2

0 + c1|V|
√ (15) 

In this equation, the calculation of ‘co’ and c1 are done by the 
following equation: 

c0 =
1
2

(
1+ ∊

Δt
2

v
K

)
; c1 = ∊

Δt
2

cF
̅̅̅̅
K

√ (16) 

The additional force term Fb in Eq. (7) refers to buoyancy force 
responsible for free convection. Fb is computed using the Boussinesq 
approximation, as expressed in the following equation [24]: 

Fb = 3wigβθeiy (17) 

Here, eiy denotes the velocity vector in the direction of gravity. 

Equation for thermal field 
The values of temperature are determined from the”g” distribution 

function using the following equation: 

gi(x + eiΔt, t + Δt) − gi(x, t) = −
1
τ′ [gi(x, t) − geq

i (x, t)] (18) 

The thermal relaxation time (τ′) is calculated with Chapman-Enskog 
Equation written as follows: 

α = (τ′ − 1
2
)Δtc2

s (19) 

The equilibrium distribution function, denoted by geq
i , is determined 

with the following equation: 

geq
i = wiθ[1+ 3(ei⋅U)] (20) 

The fluid’s temperature (θ) is determined by the summation of the 
“g” distribution function. 

θ =
∑8

i=0
gi (21)  

Boundary conditions 

The implementation of boundary conditions is a critical aspect of the 
analysis. The velocity at the walls of the enclosure is specified as U = 0, 
adhering to a no-slip condition. The walls are maintained at a cold 
temperature, denoted as θ = 0. The temperature of the heated porous 
cylinder region is defined as θ = 1, while the temperature of the cold 
porous cylinder is specified as θ = 0. In accordance with the Lattice 
Boltzmann Method, flow and thermal boundary conditions on the walls 
are specified separately in terms of the particle distribution functions f 
and g, as outlined in Table 1. The flow boundary condition on the 
permeable cylinders is determined by the Darcy-Forchheimer term, as 
discussed in Section 2.3.1 and expressed in Eq (11). To implement this, 
we define a dummy array throughout the domain, with a value of 1 in 

the permeable zone and 0 in the fluid region. This array is activated in 
the porous region, which has a circular shape defined by the following 
mathematical expression: 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xcen)
2
+ (y − ycen)

2
√

≤ radii (22) 

Besides, thermal boundary conditions are applied throughout the 
entire porous region, not solely on the surface. Within the heated 
permeable cylinder zone, the value θ = 1 is defined, whereas θ = 0 is set 
for the cold porous cylinder region. Initially, the fluid inside the enclo-
sure is cold, and thus θ = 0 is specified in the region containing clear 
fluid. The implementation is further carried out using the equation 
mentioned below. 

gi = θ *(wi + wi ) − gi (23) 

In the above equation, ‘i’ denotes the lattice location, wi specifies the 
value of weighing factor at the lattice, and the corresponding opposite 
link is represented by wi . The distribution function is denoted as gi and gi 

refers to the distribution function for corresponding lattice as well as its 
opposite lattice link. 

Dimensionless Parameters 

The governing parameters for the present analysis are dimensionless 
numbers known as Darcy and Rayleigh numbers. The forces responsible 
for buoyancy-driven flow are defined based on the Rayleigh number, 
specified as the Grashoff number (Gr) multiplied by the Prandtl number. 
The Grashoff number represents the ratio of buoyant and viscous forces, 
while the Prandtl number is the ratio of momentum diffusivity to ther-
mal diffusivity. The Rayleigh number is calculated using the following 
equation: 

Ra =
gβΔTL3

να (24) 

The Darcy number (Da) defines the relative effect of permeability 
over the cross-sectional area of porous media. It is given by: 

Da =
K
D2 =

K
N2 (25) 

Here, K represents permeability, D refers to the diameter of the 
porous cylinder, and N denotes the number of lattices within the porous 
region. Furthermore, the calculation of the Darcy number based on 
porosity (∊) using the Carman-Kozeny relation [26–28] is expressed as: 

Da =
K
D2 =

K
N2 =

1
180

∊3d2
p

D2(1 − ∊)2 (26)  

Methodology of numerical analysis 

The current analysis employs the Lattice Boltzmann Method, a 
mesoscopic approach. Simulations are conducted using a FORTRAN 
language based code. Flow and thermal analysis involve the imple-
mentation of boundary conditions as described in Section 2.3. Initially, 
the entire domain has zero velocity. The forces arising from the porous 
region and buoyant forces are incorporated into the collision equation in 
terms of Fi and Fb. The computation of Fb relies on the Boussinesq 
approximation, with the Rayleigh number being a governing parameter 
involving the acceleration due to gravity (g). To ensure solution stabil-
ity, the value of 

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
gβΔTL

√
must be maintained at or below 0.1 [24]. 

Convergence is monitored using the following criteria for terminat-
ing the calculations:  

Table 1 
Boundary condition applied to the enclosure’s walls when LBM is implemented.  

Wall Wall boundary conditions Thermal boundary conditions 

Left f1 = f3, f5 = f7, f8 = f6 g1 = − g3, g5 = − g7, g8 = − g6 

Right f3 = f1, f7 = f5, f6 = f8 g3 = − g1, g7 = − g5, g6 = − g8 

Top f4 = f2, f8 = f6, f7 = f5 g4 = − g2, g8 = − g6, g7 = − g5 

Bottom f2 = f4, f6 = f8, f5 = f7 g2 = − g4, g6 = − g8, g5 = − g7  
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̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Σij[u(i, j)n+1
− u(i, j)n

]
2

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Σij[u(i, j)n+1
]
2

√ ≤ 1 × 10− 5,

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Σij[v(i, j)n+1
− v(i, j)n

]
2

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Σij[v(i, j)n+1
]
2

√ ≤ 1 × 10− 5

&

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Σij[θ(i, j)n+1
− θ(i, j)n

]
2

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Σij[θ(i, j)n+1
]
2

√ ≤ 1 × 10− 6

(27) 

In the preceding equation, i and j represent the positions on the 
computational grid. The variables u and v represent the velocity in the x 
and y directions, respectively. θ represents the temperature, and n in-
dicates the number of time steps. 

Code validation 

The reliability of the present code is confirmed when the results align 
with those reported in the literature. In this study, the solutions obtained 
for parameters previously considered by Nithiarasu et al. [19] and Yoon 
et al. [3] exhibit good agreement with the literature. Besides, the code is 
adapted to accommodate boundary conditions and parameters defined 
in Yoon et al. [3], which involve two heated cylinders within a cooled 
enclosure. Simulations are conducted for cylinder radii ranging from 
0.1L to 0.4L and Rayleigh numbers from 103 to 105. The code is further 
validated against the porous-filled enclosure case presented by 
Nithiarasu et al. [19] with Da = 10-2. The results closely match those 
reported in the literature, with a percentage error of within 1 %. 
Detailed results and plots can be found in Fig. 3. 

Grid dependence tests 

The present study involves various cylinder arrangements within the 
enclosure, including vertical, horizontal, and diagonal orientations. To 
ensure grid-independent results, the analysis assesses whether the so-
lution remains consistent beyond a certain mesh size. It is crucial to 
accurately capture the flow and heat transfer phenomena near the 
porous region and walls. A uniform mesh with a lattice size of one is 
employed. Mesh sizes of 100 × 100, 200 × 200, 300 × 300, 400 × 400, 
500 × 500, and 600 × 600 are tested for all orientations. The results 
obtained for intermediate parameters, specifically a Rayleigh number of 
105 and a Darcy number of 10 nusselt, are presented in Fig. 4. As 
depicted in the figure, it is evident that the solution remains relatively 
unchanged beyond a grid size of 500 × 500. To strike a balance between 
reliable results and computational efficiency, the simulations are sub-
sequently performed using this mesh size. 

Results and discussion 

The numerical analysis of free convection within an enclosure con-
taining differentially heated porous cylinders is conducted. The study 
examines the impact of cylinder placement in vertical, horizontal, and 
diagonal orientations on the overall thermal performance of the 
enclosure. 

Various dimensionless parameters are considered:  

• Darcy number (Da): 10-6, 10-4, and 10-2  

• Porosity (∊): 0.629, 0.977, and 0.993. These values correspond to Da 
= 10-6, 10-4, and 10-2, respectively, as calculated according to Eq. 
(26).  

• Rayleigh Number (Ra): 104, 105, and 106 

In order to capture a diverse and representative spectrum of natural 
convection heat transfer, we chose the Rayleigh number range between 
104 and 106. We chose this range as it encompasses conditions ranging 
from moderate to strong buoyancy effects, enabling a comprehensive 
exploration of convective heat transfer behaviours. At the lower end of 
the spectrum (Ra = 104), the Rayleigh number represents scenarios 
where buoyancy forces are relatively low, allowing for an examination 
of transitional states. As the Rayleigh number extends towards 106, the 
investigation includes situations where buoyancy-driven effects become 

Fig. 3. Comparison of computed mean Nusselt number with the literature.  

Fig. 4. Grid independence analysis for various cylinder arrangements consid-
ered in this study. 
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increasingly dominant, leading to intensified convective flows and 
intricate thermal patterns. By incorporating this broad Rayleigh number 
range, we aim to provide a detailed understanding of natural convection 
dynamics across a spectrum of real-world applications, facilitating in-
sights that can inform engineering practices and design considerations. 

Also, fluid flow remains in a steady regime within the range of 
Rayleigh numbers 104-106, transitioning to an unsteady state at Ra =
107 [4]. The primary objective of the current study is to investigate 
enhancing heat transfer through the natural convection mode in a steady 
flow regime. Therefore, the Rayleigh number range of 104–106 has been 
considered in this analysis. Several other works have also employed this 
range of Ra [3–10]. 

In the subsequent sections we provide a detailed discussion of the 
numerical investigation outcomes. Local Nusselt number (Nu) plots 
depict the Nusselt number across the enclosure walls, including the top, 
bottom, and side walls, as well as the entire enclosure walls. The 
Enhancement Ratio (ER) table illustrates the increase in Nusselt number 
concerning the lower Darcy number (10− 6). Streamlines and isotherms 
are employed to visualize the flow and thermal fields within the 
enclosure. 

Local Nusselt number 

The rate of heat transfer at any point on the wall is determined by the 
local Nusselt number, which measures the ratio of convective to 
conductive heat transfer. The local Nusselt number is defined as: 

Nul = −
∂θ
∂n

(32) 

In Fig. 5, the profile of the local Nusselt number for the cold 

enclosure walls is presented for Rayleigh numbers ranging from 104 to 
106. It is observed that the peak value occurs at the midpoint of the top 
wall, while the lowest value, nearly zero, is observed at the corners of 
the enclosure. This pattern is consistent regardless of the Rayleigh 
number, Darcy number, or the arrangement of differentially heated 
cylinders. These findings indicate that maximum heat transfer occurs 
from the top wall. 

In Fig. 5(a) and 5(b) at Ra = 105, the maximum value is observed in 
the case of diagonal arrangement when the upper cylinder is heated. 
When Da = 10-6, in Case A, two local maxima are seen near the midpoint 
of the top wall. This is due to the upper hot cylinder’s proximity to the 
cold wall, resulting in maximum heat transfer from the top wall to the 
outside. In Cases A, C, and E, the local Nusselt number at the bottom wall 
is almost zero, indicating negligible heat transfer. This is because the 
heated, less dense fluid rises to the upper section of the enclosure, pri-
marily transferring heat from the top wall. As the Darcy value increases, 
the magnitude of the peak value also increases, as a larger volume of 
cold fluid exchanges heat by passing through the hot cylinder. The 
Nusselt number profile of Case C, the horizontal arrangement, exhibits 
local maxima at the midpoints of the top and bottom walls. Since the hot 
and cold cylinders are equidistant from the vertical center, maximum 
heat exchange occurs along the centerline, followed by heat transfer 
from the midpoints of the top and bottom walls. 

The multiple peaks in Fig. 5(a) diminish at Da = 10-2, and the local 
Nusselt number in proximity to the bottom wall drops to zero for all 
cylinder arrangements. In addition, local maxima are observed in the 
upper sections of the left and right walls as the lighter hot fluid rises in 
the top section of the enclosure. However, the peak value significantly 
increases as a larger amount of fluid passes through the hot cylinders, 
leading to an enhanced rate of heat transfer from the top wall. In 

Fig. 5. Variations of the local Nusselt number along enclosure walls for different cylinder arrangements at various Rayleigh numbers: (a, c) Da = 10-6 and (b, d) Da =
10-2. 
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summary, the majority of heat dissipates through the upper section 
walls, while the lower section of the enclosure exhibits minimal heat 
transfer. 

Furthermore, at Ra = 106, a remarkable enhancement in the Nu peak 
value is observed, illustrating the influence of stronger buoyant forces. 
When Da = 10-6 (as shown in Fig. 5(c)), the maximum value is achieved 
in Case E when the upper diagonal cylinder is heated. The local Nusselt 
number increases steadily as we move towards the center of the upper 
wall and then decreases along the wall ends. The peaks on the side walls 
are more pronounced compared to those in Fig. 5(a). The reduced dis-
tance between the hot cylinder and the side wall in the diagonal 
arrangement intensifies the Nu value, as the combined effects of con-
vection and conduction contribute to heat transfer. A slight increase in 
the local maxima of the side walls is observed for the vertical arrange-
ment (Cases A and B). Conversely, a decrease in the maximum peak 
value is observed for the bottom wall in Case B in Fig. 5(c) compared to 
Fig. 5(a). This is due to larger Rayleigh values inducing stronger buoyant 
forces, resulting in reduced heat transfer from the bottom wall and an 
enhancement in heat transfer through the top and side walls of the 
enclosure. Moreover, with an increase in permeability to Da = 10-2, the 
peak value is obtained for the horizontal arrangement (Case C) in Fig. 5 
(d). The fluid passing through the hot cylinder comes into contact with 
fluid from the cold cylinder, further rises upwards, and hence, the peak 
is obtained on the section of the wall just above the heated cylinder. 

In Case A, the hot cylinder is positioned very close to the top wall, 
resulting in stronger thermal plumes pointing at the midpoint. As a 
consequence, the Nu profile along the top wall is symmetric. In Case B, 
the heated fluid from the lower cylinder rises upwards, exchanging heat 
with the upper cylinder and cooling down. Simultaneously, the heavier 
cold fluid flows downward towards the hot cylinder, causing 

recirculation within the enclosure. Consequently, minimal heat transfer 
occurs from the enclosure walls, a fact confirmed by the nearly zero Nu 
values for all four enclosure walls. 

In Case D, multiple peaks are observed on the enclosure walls close to 
the heated cylinders. The temperature difference between the hot cyl-
inder and the enclosure walls serves as a driving force, resulting in peaks 
in the Nu profiles along the sections of enclosure walls in proximity to 
the hot cylinder. In this case, the profile of the bottom wall rises until a 
section near a hot cylinder and then drops suddenly. In contrast, in the 
other cases, the local Nusselt number for the bottom wall is negligible. 
Therefore, heat transfer from the bottom wall occurs in the case of the 
diagonal arrangement when the hot cylinder is near the bottom wall. 
Since local peaks are observed along all four walls of the enclosure in 
Case D, it can be inferred that the overall heat transfer in this case is the 
highest among all cases. 

Mean Nusselt number 

The calculation of mean Nusselt number is done according to the 
following formula: 

NuMean =
1
L

∫ L

0
NuldL (33)  

Mean Nusselt number of walls 
Fig. 6 displays the mean Nusselt numbers for the top (NuT), bottom 

(NuB), and sidewalls (NuS) over a range of Ra (104 ––106) and Da (10-6 −

10-2). Various arrangements of differentially heated cylinders impact the 
heat transfer from the walls, with the average Nusselt numbers for the 
top wall generally being higher in most cases. 

Fig. 6. Variations of the mean Nusselt Number along the enclosure walls for various cylinder arrangements with Darcy numbers of 10-6, 10-4, and 10-2, presented 
separately for (a)-(c) the top wall, (d)-(f) the bottom wall, and (g)-(i) the side wall. 
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For Ra = 104 and 105, in Case A (top hot, bottom cold), the upward 
flow of air through the hot cylinder results in maximum heat transfer 
from the top wall, as shown in Figures (a) and (b). Interestingly, in 
Figure (c) at Ra = 106 and Da = 10-2, the highest NuT value is observed 
for Case D, where the left upper cylinder is heated, and the right lower 
cylinder is cold in a diagonal arrangement. Conversely, Case B consis-
tently exhibits the lowest NuT value, regardless of parameter variations. 
This is because in Case B, as the hot fluid rises, exchanges heat with the 
upper cold cylinder, and then flows toward the lower section of the 
confinement, it gets cooled before reaching the top wall. Moreover, cold 
fluids stagnate near the top wall and upper cold cylinder, resulting in 
minimal heat transfer from the top wall with this cylinder arrangement. 

In Figures (d) to (f), it is evident that an increase in Rayleigh number 
leads to a decrease in the average Nusselt number of the bottom wall 
(NuB). At Ra = 104, an increase in Darcy number reduces the NuB value. 
Case B has the highest NuB value among all cases due to the proximity of 
a hot cylinder to the bottom wall, followed by a continuous drop in value 
with increases in Rayleigh and Darcy numbers. Maximum heat transfer 
occurs from the bottom wall in this case. At Rayleigh value 105, the 
increase in Darcy value has minimal effect on NuB for all cases consid-
ered. However, with further increases in Ra to 106, the NuB value 
significantly increases from Da = 10-4 to 10-2 in Case D. This is attributed 
to an increased volume of fluid passing through the hot cylinder placed 
at the bottom-right corner and the presence of stronger convective 
forces, which intensify heat transfer from the bottom wall. The NuB 
values for cases A and E remain minimal and unaffected by changes in 
Rayleigh and Darcy numbers, as the heated cylinders in these arrange-
ments are close to the top wall, resulting in minimal heat transfer from 
the bottom wall. 

The average Nusselt number of the sidewalls (NuS) continuously 

increases with increasing Rayleigh and Darcy numbers for cases A, C, D, 
and E (Figures (g) to (i)). At Ra = 104, Case B with a horizontal 
arrangement exhibits the maximum NuS value for all Darcy numbers. In 
this arrangement, cylinders are placed along the horizontal centerline of 
the enclosure, and conduction effects are stronger, leading to higher 
heat transfer from the walls near the cylinders. At Rayleigh number 106, 
the maximum NuS value is obtained in Case D. The right wall is close to a 
hot cylinder placed near the bottom-right corner, resulting in heat 
transfer through the region near the right wall. The intensified buoyant 
effects divert the flow direction towards the cold cylinder, placed near 
the left wall. Consequently, a significant amount of heat exchange oc-
curs in regions in close proximity to the left wall. Therefore, the side-
walls transfer more heat in the case of this diagonal arrangement of 
cylinders. 

Mean Nusselt number of enclosure 
The mean Nusselt numbers for the enclosures are illustrated in Fig. 7. 

Figs. 9–12 (d)-(f) shows the streamlines and thermal contours when the 
upper cylinder is cold and lower is heated (case B). At Ra = 104, two 
secondary vortices generated above the cold cylinder. This is in contrast 
to the previous case. The hot fluid from the heated lower cylinder is 
lighter and flows towards the cold cylinder. The induced buoyancy 
forces due to cold cylinder exchanges heat and temperature of recircu-
lating fluid drops. In this case, the overall thermal performance of the 
system is less as heated fluid continuously cools down as the cold cyl-
inder is placed upwards. On increasing the Rayleigh number to 106, the 
distorted symmetry is seen for Da = 10-6 and 10-4 and it is regained at Da 
= 10-2. The primary vortices are oriented in the direction of the bottom 
wall and secondary vortices are formed near corners of the enclosure. 
When Darcy number enhances, the fluid interacts with increased surface 

Fig. 7. Variations in the mean Nusselt Number of the enclosure for different cylinder arrangements at (a) Ra = 104, (b) Ra = 105, and (c) Ra = 106, with Da values of 
10-6, 10-4 and 10-2. 
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area due to high permeable region and hence enhanced heat transfer 
occurs. The enclosure’s overall heat transfer rate is minimum in this case 
as compared to all other cases as cooling of fluid occurs within the 
enclosure. 

The horizontal, vertical, and diagonal orientations of cylinders, the 
case with a vertical orientation of the upper heated and lower cold 
cylinder (Case A) exhibits the highest mean Nusselt number for the 
enclosure at a lower Rayleigh number of 104 (see Fig. 7(a)). In this 
scenario, heat is primarily transferred through conduction, as viscous 
forces are relatively stronger. The upper heated porous cylinder is 
positioned close to the top wall, allowing for the maximum transfer of 
heat. 

Both the horizontal arrangement (Case C) and the diagonal 
arrangement with the lower cylinder being hot and the upper one being 
cold (Case E) show an equivalent rate of heat transfer. However, in the 
case of the lower heated and upper cold cylinder (Case B), the heat 
dissipates within the enclosure, resulting in minimal heat transfer from 
the enclosure walls. 

At Ra = 105 (Fig. 7(b)), the buoyant force surpasses viscous forces, 
leading to heat transfer occurring primarily through convection. In this 
scenario, Case C, featuring a horizontal arrangement of cylinders with 
the left one being cold and the right one being hot, attains the highest 
value at Da = 10-2 (Fig. 7(c)). 

Fig. 8 (a)-(c) depicts the influence of Rayleigh number on mean 
Nusselt number of enclosures for various Darcy values ranging from 10-6 

to 10-2. The convection rate enhances with Rayleigh numbers. The 
conductive forces are dominant at Ra = 104, hence, heat flows with low 
velocity from hot cylinder towards enclosure. Therefore, smaller values 
of the mean Nusselt number can be seen irrespective of Darcy number. 
By increasing the Rayleigh value to 105, the buoyant forces are 
enhanced, resulting in the initiation of convection effects. Consequently, 

a greater amount of fluid enters the cylinders and circulates, transferring 
heat from the heated cylinder to the cooled enclosure wall due to tem-
perature gradient. When the Rayleigh number rises to 106, convective 
effects become stronger as the fluid velocity enhances. This results in 
larger amounts of fluid entering the porous cylinders. Henceforth, sig-
nificant augmentation in heat transfer rates are obtained. 

It can also be deduced from Fig. 8 (a)-(c) that an increment in Ra 
value results in heat transfer enhancement along with Darcy number. 
The influence of permeability can be analyzed with Darcy numbers. In 
Fig. 8 (a), when Da = 10-6, minimal variation is seen with increasing 
Rayleigh values. The greater viscous resistance allows for the little 
volumes of fluid to enter the cylinder. Hence, lower values of mean 
Nusselt number are obtained indicating less heat transfer. In addition, 
varying arrangement of cylinders has insignificant impact on mean 
Nusselt number value. As the Darcy number increases to 10-4, it can be 
seen from (Fig. 8 (b)) that the magnitude of Nusselt number increases. 
The variation in permeability allows the fluid to enter cylinders and 
enhance heat transfer rates. 

Further, at Da = 10-2 (Fig. 8 (c)), the mean Nusselt number in-
tensifies, as the fluid flows with more ease through cylinders carrying 
larger amounts of heat. Thus, thermal transfer rates escalate. However, 
in case B, Nu drops to near zero when Ra = 106. The heated lower cyl-
inder emits a hot fluid that is less dense and moves towards the colder 
cylinder. The cold cylinder generates stronger buoyancy forces that 
cause a decrease in the heat and temperature of the recirculating fluid. 
In this scenario, the system’s thermal performance is reduced because 
the heated fluid consistently loses heat when the cold cylinder is posi-
tioned over it. 

Fig. 8. Variations in the mean Nusselt Number of the enclosure for different cylinder arrangements at (a) Da = 10-6, (b) Da = 10-4, and (c) Da = 10-2, with Ra values 
of 104, 105 and 106. 
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Fig. 9. Streamlines in and around the porous cylinders for Rayleigh number, Ra = 104 and Darcy numbers, Da = 10-6, 10-4 and 10-2.  
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Fig. 10. Streamlines in and around the porous cylinders for Rayleigh number, Ra = 106 and Darcy numbers, Da = 10-6, 10-4 and 10-2.  
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Enhancement ratio 

To compare the heat transfer enhancement of a porous cylinder with 
that of a solid cylinder (in the Da = 10-6 case), we calculated the heat 
transfer enhancement ratio (ER), defined as the ratio of the Nusselt 
number (Nu) of the enclosure to the Nusselt number of the enclosure at 
Da = 10-6. It is expressed as: 

ER =
Nu

NuDa=10− 6
(34) 

Table 2 shows the Enhancement Ratio at Da = 10-4 and Da = 10-2. 
This data allows us to analyze the overall enhancement in heat transfer 
for different configurations. When Ra = 104, the enhancement is rela-
tively low, with the highest ER value for Da = 10-4 attained in Case A 
being 1.019. The hot cylinder is close to the upper wall, and heat flows 
directly towards the top wall due to stronger conductive forces. 

Furthermore, at Da = 10-2, the maximum value achieved for Case C is 
1.239, and for Case E, it is 1.244. In this scenario of Case C, the cylinders 
are positioned along the horizontal centerline of the enclosure. The 
stronger viscous forces drive heat toward the walls, resulting in 
maximum heat transfer compared to other configurations. 

However, when the Rayleigh value is increased to 105 and 106, a 
sudden increment in ER is observed. The substantial impact of buoyant 
forces intensifies the enhancement in heat transfer, with the maximum 
ER value at Da = 10-2 and Ra = 105 being 2.294, and at Ra = 106 being 
3.048, obtained in Case D. In this scenario, the cylinders are diagonally 
aligned, with the heated cylinder located at the bottom corner. The 
lighter-density hot fluid directs itself towards the region near the cold 
cylinder, facilitating heat transfer to the outside through all walls of the 
enclosure. 

As the results indicate, for all Ra and Da values considered, the 

Fig. 11. Isotherms around the porous cylinders are shown for different Darcy 
numbers (10-6, 10-4, and 10-2) at a Rayleigh number of Ra = 104. The mesh-like 
structures inside the hot and cold cylinders are included for representation 
purposes only to illustrate the porous nature of the cylinders. Otherwise, the hot 
cylinder is filled with red colour, and the cold cylinder is filled with blue colour. 
(For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.) 

Fig. 12. Isotherms around the porous cylinders are shown for different Darcy 
numbers (10-6, 10-4, and 10-2) at a Rayleigh number of Ra = 106. The mesh-like 
structures inside the hot and cold cylinders are included for representation 
purposes only to illustrate the porous nature of the cylinders. Otherwise, the hot 
cylinder is filled with red colour, and the cold cylinder is filled with blue colour. 
(For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.) 
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minimum ER value is observed for Case B. The ER value drops to 0.0104 
(near zero) for Ra = 106 and Da = 10-2. In this configuration, the fluid 
from the lower hot cylinder flows upwards, interacts with the cold cyl-
inder, undergoes heat exchange, and then flows in a downward direc-
tion. Consequently, heat is not transferred toward the enclosure walls, 
but rather continuous cooling occurs. 

Streamlines and isotherms 

The overall fluid flow patterns are visualised using streamlines in 
Figs. 9 and 10, while thermal fields with isotherms are displayed in 
Figs. 11 and 12. The Rayleigh number, Darcy number, and the orien-
tation (vertical, horizontal, and diagonal) of the hot and cold cylinders 
exert a significant influence on both the flow and thermal fields. It is 
important to note that, for all the parameters considered, the fluid flow 
regime remains in a steady state. The path of air circulation through the 
porous cylinders within the enclosure varies in response to changes in 
the magnitude of buoyancy-induced forces and porosity values. 
Furthermore, the thermal mixing occurring within the enclosure is 
contingent upon gravitational forces. 

Influence of Rayleigh number 
The Rayleigh number defines the relationship between buoyant and 

viscous forces, as well as the thermal and momentum diffusion of heat 
within a fluid. Consequently, it serves as a key indicator of the intensity 
of natural convective effects. Figs. 9–12 illustrate the impact of the 
Rayleigh number on flow and thermal patterns. At Ra=104, the 
streamlines recirculate near the cylinders due to the slow fluid flow. 
Symmetrical contours emerge along the vertical centerline of the 
enclosure when cylinders are placed vertically or horizontally. The 
dominance of viscous forces and thermal diffusivity leads to limited fluid 
penetration inside the cylinders. Here, an increase in the Darcy number 
has minimal impact on heat transfer, and the isotherms remain distant 
and parallel due to the prevalence of conductive effects. 

As the Rayleigh number is increased to 105, a combination of con-
duction and convection for heat transport becomes evident. Buoyancy- 
induced forces, in conjunction with conductive forces, contribute to 
heat transfer. Viscous forces weaken, allowing a greater quantity of fluid 
to enter the cylinders. Consequently, substantial effects of porosity are 
observed in both streamlines and isotherms. 

When Ra=106, buoyancy-induced forces are significantly stronger, 

and convective effects become dominant. The symmetry of flow and 
thermal contours distorts as fluid circulates at an intensified velocity 
(see Fig. 10 and Fig. 12). Primary vortices extend from the hot cylinder 
to the cold cylinder, subsequently directing towards the enclosure wall 
in all cylinder configurations. The permeability of the cylinders exerts 
pronounced effects at higher Rayleigh numbers, as strong inertial forces 
overpower viscous forces, allowing large volumes of fluid to pass 
through. Thermal plumes near the cold cylinders become more twisted, 
and this effect is clearly evident in the isotherms. Besides, a thinner 
thermal boundary layer forms on the cylinder’s surface. 

Influence of differentially heated cylinders orientation 
Two porous cylinders, each at different temperature levels, are 

positioned in various configurations: vertically, horizontally, and diag-
onally within an enclosure. The position and orientation of these heated 
and cold cylinders exert a notable influence on the streamlines and 
isotherms. The impact of these factors on flow patterns and temperature 
fields is visually depicted in Figs. 9–12. A more comprehensive discus-
sion is provided in the subsequent section. 

CASE A: Hot upper cylinder and cold lower cylinder. In this configuration, 
two porous cylinders of different temperatures are positioned vertically, 
with the upper cylinder being heated and the lower one cooled. The 
corresponding figures are displayed in Figs. 9–12 (a)-(c). The flow field 
exhibits symmetry with respect to the y-axis, regardless of variations in 
Rayleigh and Darcy numbers. Among all the cases studied, this 
arrangement demonstrates the highest heat transfer from the enclosure, 
especially at lower Rayleigh numbers (104), irrespective of Darcy 
number variations. 

Despite relatively poor fluid circulation around the cylinders due to 
weaker buoyant forces, this arrangement facilitates efficient heat 
transfer. In this scenario, the elliptical-shaped inner vortices transform 
into circular patterns as the Darcy number increases to 10-2. Primary 
vortices are observed extending from the cylinders towards the walls 
within the enclosure. Also, the height of secondary vortices between the 
lower cylinder and the bottom wall decreases as a larger quantity of fluid 
enters the cylinder. 

The heated cylinder emits thermal plumes that rise upwards because 
the less dense hot fluid in the vicinity of the upper heated cylinder as-
cends. Notably, heat transport is not significantly influenced by the 
buoyant forces resulting from temperature differences. The presence of a 
cold cylinder does not markedly affect the overall thermal performance 
of the enclosure in this case. However, at Ra = 106, the region of sec-
ondary vortices expands, leading to more circulation of cold fluid near 
the cold cylinder. When Da = 10-2, primary eddies tend to move up-
wards, and the height of the secondary vortex further increases as a 
substantial amount of fluid enters both the cold and heated cylinders. 
The isotherms spread in the region between the upper cylinder and the 
top wall, indicating maximum heat transfer from this wall. In this case, 
the presence of a cold cylinder plays a minimal role in heat transfer from 
the entire confinement. 

CASE B: Cold upper cylinder and hot lower cylinder. Figs. 9–12 (d)-(f) 
display streamlines and thermal contours when the upper cylinder is 
cold and the lower one is heated. At Ra = 104, two secondary vortices 
form above the cold cylinder, in contrast to the previous case. The 
lighter hot fluid from the heated lower cylinder flows towards the cold 
cylinder, driven by induced buoyancy forces, leading to an exchange of 
heat and a drop in the temperature of the recirculating fluid. In this 
scenario, the overall thermal performance of the system is reduced 
because the heated fluid continuously cools down as the cold cylinder is 
positioned above. 

As we increase the Rayleigh number to 106, we observe distorted 
symmetry at Da = 10-6 and 10-4, which is restored at Da = 10-2. The 
primary vortices align with the direction of the bottom wall, and 

Table 2 
Heat transfer enhancement ratio (ER) for different arrangement of cylinders at 
Ra = 104, 105 and 106, and Da = 10-4 and 10-2.   

Ra = 104  

Case Da = 10-4 Da = 10-2 

A 1.019 1.227 
B 0.993 0.986 
C 1.018 1.239 
D 1.008 1.160 
E 1.018 1.244  

Ra = 105  

Case Da = 10-4 Da = 10-2 

A 1.099 1.764 
B 1.111 1.670 
C 1.110 1.913 
D 1.150 2.294 
E 1.124 1.905  

Ra = 106  

Case Da = 10-4 Da = 10-2 

A 1.366 2.139 
B 1.087 0.0104 
C 1.528 2.690 
D 1.499 3.048 
E 1.420 2.221  
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secondary vortices form near the corners of the enclosure. With an 
increasing Darcy number, the fluid interacts with a larger surface area 
due to the highly permeable region, leading to enhanced heat transfer. 
In this case, the enclosure’s overall heat transfer rate is at its minimum 
compared to all other cases because fluid cooling occurs within the 
enclosure. 

CASE C: Hot left cylinder and right cold cylinder. In this case, the cylin-
ders are positioned horizontally, with the left cylinder heated and the 
right cylinder cooled. Heat is transferred from the heated left cylinder to 
the cold right cylinder. Heat transfer is reduced in the horizontal cyl-
inder orientation compared to the vertical orientation at lower Rayleigh 
number values. At Ra = 104, a primary clockwise vortex forms along the 
left wall due to the proximity of the heated cylinder (as shown in Fig. 9 
(g)-(i)). An anti-clockwise recirculating vortex is observed near the 
cylinders. The hotter fluid rises towards the upper part of the enclosure 
due to its lower density, but the horizontal cylinder orientation obstructs 
fluid recirculation towards the lower region. The majority of heat 
transfer occurs from the top wall, and convection effects are suppressed. 
Hot fluid accumulates below the heated cylinder and above the cold 
cylinder, resulting in dense isotherms that incline towards the cold 
cylinder due to buoyant forces inducing heat flow. 

The length of the primary vortex near the bottom wall increases as 
the Darcy number rises from 10-6 to 10-2. Horizontal orientation pro-
vides the highest rate of heat transfer for Da values of 10-4 and 10-2. 
Higher Darcy values result in expanded space for recirculation within 
the enclosure, while smaller recirculating zones are diminished. 

The results are similar when the right cylinder is heated, and the left 
cylinder is cooled. Therefore, this scenario is not further described to 
avoid redundant explanations and maintain conciseness. 

CASE D: Cold upper-diagonal and hot lower-diagonal. The diagonal 
placement of cylinders exhibits the highest rates of heat transfer at 
higher Rayleigh numbers (105 and 106). The patterns of streamlines and 
isotherms undergo significant changes as the cylinders are shifted to-
wards the corners of the enclosure. 

When Ra = 104, primary vortices extend from the lower hot cylinder 
to the upper cold cylinder. The fluid flows from the hot cylinder towards 
the cold cylinder, undergoes heat exchange, and then returns to the 
bottom-right corner of the enclosure. Two secondary vortices form near 
the corners adjacent to the right wall, impeding heat transfer. In addi-
tion, the thermal plumes are closer to the hot cylinder and incline 
diagonally towards the cold cylinder. 

As the Rayleigh number increases to 106, the smallest eddy shifts 
upward towards the top wall. At Da = 10-2, an additional small vortex 
forms in the corner near the cold cylinder, accompanied by two sec-
ondary vortices at the corners along the right wall (as shown in Fig. 10 
(j)-(l)). These secondary vortices are suppressed as a higher volume of 
fluid penetrates inside the cylinders with increasing permeability from 
Da = 10-6 to 10-2. The intensity of thermal contours strengthens due to 
enhanced convection effects, as clearly evidenced by the results.“. 

CASE E: Hot upper-diagonal and cold lower-diagonal. When the cylinders 
are arranged diagonally, with the hot cylinder at the upper side and the 
lower cylinder being cold, they transfer less heat compared to other 
configurations. As the hot fluid from the cylinders flows upwards 
without obstruction, primary vortices span from the heated to the cold 
cylinder. At Ra = 104, the size of the clockwise recirculatory region 
increases as the Darcy value rises from 10-6 to 10-2. Further, a small 
vortex forms near the bottom-right corner. The denser hot fluid with 
lower velocity expands in the proximity of the hot cylinder placed in the 
upper region, resulting in a lower heat exchange rate for the cold 
cylinders. 

The average Nusselt number for these enclosures is equivalent to that 
of the horizontal alignment. However, at Ra = 106, four small vortices 

form on the sides of both cylinders (as shown in Fig. 10 (m)-(o)). Anti-
clockwise recirculation can be observed in the corners near the cylin-
ders. These vortices indicate stagnation of fluid in the vicinity of the 
cylinders, resulting in a reduced volume of heated fluid interacting with 
the cold fluid. In this scenario, the hot fluid recirculates in the upper half 
section of the enclosure, and as a result, most of the heat transfer occurs 
from the top wall and the half of the right and left walls. The fluid in 
proximity to the cold cylinder remains in the lower region, minimizing 
the transport of heat outside the lower section of the enclosure. 

Conclusions 

In this research, the investigation centered on understanding heat 
transfer dynamics within enclosures housing porous cylinders subjected 
to differential heating. The analysis of mean Nusselt numbers unveiled 
intriguing flow patterns and thermal behaviors. At lower Rayleigh 
numbers (Ra = 104), the presence of secondary vortices above the cold 
cylinder, when the upper cylinder was cold and the lower one heated, 
resulted in buoyancy-driven flow and a drop in fluid temperature. 
However, this configuration proved to be less thermally efficient. As Ra 
increased to 106, a brief loss of symmetry was observed for specific 
Darcy numbers, which was later restored at Da = 10-2. Higher Darcy 
numbers facilitated enhanced heat transfer, albeit with a trade-off of 
reduced overall heat transfer within the enclosure. The study also 
explored different cylinder orientations, including horizontal, vertical, 
and diagonal arrangements, with the vertically oriented heated upper 
and cold lower cylinder (Case A) emerging as the most efficient for heat 
transfer at Ra = 104. At Ra = 105 and 106, buoyant forces dominated, 
favouring heat transfer via convection. In these scenarios, the diagonal 
alignment of cylinders in Case D with the lower cylinder heated proved 
most effective in maximizing heat transfer through all enclosure walls. 
Besides, the comparison between porous and solid cylinders at Da = 10-6 

using the enhancement ratio (ER) highlighted that Case B consistently 
exhibited the lowest ER value, indicating continuous cooling within the 
enclosure, while Case C showed the highest ER value at Ra = 104 due to 
enhanced viscous forces directing heat toward the walls. This research 
provides valuable insights for optimizing systems involving porous 
cylinders within enclosures, taking into account cylinder orientation, 
buoyancy effects, and heat transfer enhancement considerations. 
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